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Lecture 1

Turbulent Combustion:
Introduction and Overview

Technical processes in turbulent combustion are in general subdivided into two
classes: premixed or non-premixed combustion. For example, combustion in
homogeneous charge, spark-ignition engines occurs under premixed conditions.
On the other hand, combustion in a Diesel engine or in furnaces essentially taakes
place under non-premixed conditions.

In the spark-ignition engine fuel and oxidizer are being mixed by turbulence
during a sufficiently long time down to the molecular level before combustion is
initiated by a spark. The deposition of energy from the spark generates a flame
kernel that grows at first by laminar, then by turbulent flame propagation. The tur-
bulent burning velocity is therefore a very important quantity in premixed turbulent
combustion.

In the Diesel engine a liquid fuel spray is injected into hot compressed air, the
fuel evaporates and mixes partially with the air until auto-ignition occurs. The auto-
ignition process is very rapid and the partially premixed gas is rapidly consumed.
The final phase of burnout then occurs under non-premixed conditions.

Similarly, in furnaces jets of gaseous, liquid or solid fuels are injected into
air which may be preheated or partially diluted by exhaust gases. Once the jet is
ignited, the flame propagates towards the nozzle until it stabilizes at a distance,
called the lift-off height downstream of the nozzle. Partial premixing then occurs
within the region between the nozzle and the lift-off height, and determines the
stabilization of the turbulent flame. Further downstream, combustion again occurs
under non-premixed conditions.

It is clear, that in addition to premixed and non-premixed combustion, par-
tially premixed combustion plays, at least locally, an important role in technical
applications. An important example are modern gas turbine combustion chambers
where fuel rich regions are used for flame stabilization but, in order to minimize
NO, formation, most of the combustion occurs under premixed fuel lean condi-
tions. Similarly, combustion in direct injection or stratified charge spark-ignition



partialy and

premixed non-premixed
Diesel engines
fast Keianiti . wurbi :
chemistry spark-ignition engines gas turbine engines
combustion in furnaces
slow NOy formation
chemistry in post-flame regions low NO,-burners

Table 1.1: Classification of combustion applications.

engines occurs under partially premixed conditions.

Another criterion to classify turbulent combustion is related to the ratio of
turbulent to chemical time scales. If turbulence is very intense the turbulent time
is likely to be short. Chemical time scales become short if the temperature is high
and they become long with decreasing temperature. The case of short turbulent
and long chemical time scales is simply called slow chemistry while the case of a
comparatively long turbulent and short chemical time scale is called fast chemistry.

Slow chemistry is not very often of practical interest: there are a few situations
like low NO, burners which operate with strong exhaust gas recirculation and
therefore lower temperature where the chemistry is slow compared to turbulent
mixing. Also, in the post-flame region of a spark ignition engine,\v@duction
is slow while the temperature field is nearly homogeneous. On the other hand,
reacting flows with fast chemistry occur in nearly all the applications mentioned
above. The reason is simple: for combustion to be stable and efficient, the tem-
perature must be high and therefore the chemical time scales are short. Therefore
engines are designed such that only at limit conditions, i.e. at very high engine
speeds, turbulent time scales may become comparable to chemical time scales.

Table 1.1 shows a diagram where combustion applications are classified with
respect to both criteria mentioned above.

The four lectures on turbulent combustion are therefore organized as follows:
In this lecture an overview of current modeling approaches for turbulent flows
with combustion will be given. Regimes in premixed and non-premixed turbulent
combustion will be defined in terms of velocity, length, time and mixing scales.

In the next lecture, treating premixed turbulent combustion, models based on
the progress variableand the distance functida will be presented. Dandtiler’'s
regimes of large scale and small scale turbulence will be associated with the cor-
rugated flamelet regime and the thin reaction zones regime, respectively. Finally,



based on an equation for the total flame surface density, an expression for the
burning velocity that is valid in both regimes, will be derived.

In the third lecture flamelet modeling for non-premixed combustion will be
addressed. The unsteady flamelet equations will be derived and solutions will be
presented. Coupling with solutions of the turbulent mixing field will be discussed.
Finally, approximate solutions for the round turbulent jet and the influence of
buoyancy on the flame length will be presented.

The last lecture is concerned with partially premixed combustion. The key
element here is the triple flame, which will be discussed in detail. The distance
function approach for premixed combustion and the flamelet approach for non-
premixed combustion will be combined to obtain an expression for the turbulent
burning velocity in partially premixed systems. This expression is used to calculate
flame propagation in diffusion flames and to determine the lift-off height.

1.1 Moment Methods in Modeling Turbulence with
Combustion

A classical way to describe turbulent flows is to split the three components of
velocity and the scalar quantities like the temperature and mass fractions measured
at a pointx into a mean (denoted by an overbar) and a fluctuation, for example

u(x,t) = G(x, t) + u'(x,t), where u(x,t)=0. (1.1)

If the flow is stationary on the average, the mean is defined by the time average

1 t+At
ux) = lim :E / u(x,t)dt} (1.2)

At—o00
t

and the fluctuation is obtained by subtracting the mean from the instantaneous
value. For instationary flows the time-dependent mean value may be obtained by
low-pass filtering the signal. This requires that the mean velocity changes on a
time scale that is significantly longer than the time scale of turbulent fluctuations.
These two cases are shown in Fig. 1.1.

For flows with large density changes like in combustion it is often convenient
to introduce a density weighted averagecalled the Favre average, by splitting
u(x, t) into G(x, t) andu”(x, t) as

ux,t) = G(x, t) +u’(x, t) . (1.3)

This averaging procedure is defined by requiring that the average of the product of
u” with the densityp (rather tharu”(x, t) itself) vanishes

U =0. (1.4)
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Figure 1.1: Mean and fluctuation of a velocity signal as a function of time for
stationary and instationary flows.

The definition fori may then be derived by multiplying (1.3) by the dengitgnd
averaging .

pU = pl+ pu” = pa . (1.5)
Here the average of the produxdi is equal to the product of the averages since
U is already an average defined by

U=7pU/p. (1.6)

It can be calculated if simultaneous measurementgxft) andu(x, t) are avail-

able by taking the average of the produgix, t)u(x, t) and dividing it by the
average ofo(x, t). While such measurements are often difficult to obtain, Favre
averaging has considerable advantages for the mathematical development. In the
balance equations of momentum, energy and chemical species, the convective
terms are dominant in high Reynolds number flows. Since these contain the prod-
uct of the dependent variable and the density, they are treated very simply by Favre
averaging. Forinstance the average of the product of the densiti the velocity
components, andvg would lead with conventional averages to

PV Vg = PUq Vg + PU,Vg + PV, V5 + p'VsVa + 'V, Vg (1.7)

Using Favre averages one writes
pUUs = p(ly + 0 (g + up)
g o e (1.8)
= plylg + puylp + pugly + puguy .
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Here fluctuations of the density do not appear. Taking the average leads to

pULUg = plyUg + puyug (1.9)

where (1.4) and (1.6) have been applied. This expression is much simpler than
(1.7) and has formally the same structure as the conventional average,dir
constant density flows

U,Up = U, Up + UL . (1.10)

Difficulties arising in the viscous and diffusive transport are of lower importance
since these terms are usually neglected as compared to turbulent diffusion.
In Favre-averaged form the balance equations are written

Continuity
9p | 9(pva)
— =0 1.11
ot + 0%y ( )
Momentum
_0vg 8v/3 Ip  O0Tup d < )
97 LT ” , =1,23. (1.12
e Iy axﬂ+ ax, ox P vg)+09 . B (1.12)

Here the I.h.s represents the local rate of change and convection, the first term on
the r.h.s the pressure gradient, the second term molecular transport due to viscosity,
the third term turbulent transport resulting from the decomposition in (1.9) and the
last term forces due to buoyancy. Greek indices used twice indicate a summation
over the three coordinate directions.

The mean viscous stress tenggyis often neglected compared to the Reynolds
stress tensqb v”vg Balance equations for the components of the Reynolds stress
tensor can be derived and closure assumptions have been proposed [1.1]. This
is called second moment closure or Reynolds stress equation modeling. It leads
to a number of additional terms that must be modelled, in particular the velocity-
pressure gradient correlation and the dissipation tensor. Here we will introduce
the eddy viscosity approach using a gradient transport hypothesis

0V, 200 2 -
—pvt[z v —-ﬂ]+§pk, o« =B

5 v”&,*ag _ 0Xg 30X, (1.13)
_. [0vy  Ovg
—Pvt[axﬂ'i‘a}, aFtp.

The eddy viscosity is related to a Favre averaged turbulent kinetic enérgy
”2/2 and its dissipatio by

k2
Gt - C/l ? 5 CM - 009 . (114)



The k--model leads to equations where the turbulent transport is diffusive and
therefore is more easily handled by numerical methods than the modelled Reynolds
stress equations. This is probably the most important reason for its wide use in
many industrial codes. Equations fomndé must be modelled using empirical
information. These equations are

turbulent kinetic energy

ok __ ok a ,__ ok _~ 90, _. _dlnpap
oK i — 5 — pE — — ., (115
Pt TP axa(p 8xa> PV, PR T s Y
Turbulent dissipation
= =2
98 | == 08 _ 0 (=W 08 & ~~, Uy _€
_t+pvo‘8xa_m<p0_28xa> - Cslpﬁvavﬁa—_C(EZpi
Xp (1.16)
c _&dlnp ap
=3V tR X, 0%y

In these equations the two terms on the I.h.s represent the local rate of change and
convection, respectively, the firstterm onthe r.h.s represents the turbulent transport,
the second one turbulent production and the third one turbulent dissipation. The last
term accounts for the effect of pressure gradients which is absent in constant density
flows [1.2]. As in the standarll-c model, the constants. = 1.3, c,; = 1.44,
c.2 = 1.92 may be used. Fax s a value ofc,; = 1.0 has been proposed [1.1].

Favre averaged equations for the temperature and the mass fractionof the
chemical species are written as

Temperature
oT  __ aT 9 — p &
C ~o¢ =——%,—C //T// - hm — 0= ’
p( I axa) %" pa (Pl 5 = 2, M = G
(1.17)
Mass fraction
I\ 8Y. 0 d — .
v = - “ T % ”Y“ m,i=212....n. (1.18
P P +p 8xa axal (pv)Y{") + m (1.18)

In these equations the terms on the I.h.s represent the local rate of change and
convection, the first terms on the r.h.s molecular transport and the second terms
turbulent transport resulting from a decomposition of the convective terms similar
to (1.9). In the equation for the temperature a constant heat cajggdigs been
assumed for simplicity. The molecular heat flux is denoted-hyaihd the diffusion

flux by J,. In addition, the small Mach number limit has been introduced such
that spatial gradients of the pressure vanish in the temperature equations and only
the unsteady change of pressure, which is important for reciprocating engines,
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remains. The last two terms in the temperature equation represent the chemical
heat release and the heat loss by radiation. The last term in the species equation
is the chemical source term. The molecular transport terms in these equations can
often be neglected compared to turbulent transport, which may be modelled using

the gradient transport hypothesis as

_ o~ P 0T

T = p 1.19
PV P (1.19)
_ o~ i 9Y;

— pv’Y/" —_. 1.20

Hereor ando; are the turbulent Prandtl and Schmidt numbers, respectively. This
kind of modeling is based on the assumption that the instantaneous fields of temper-
ature and species concentrations are smoothly varying which requires that chem-
istry is slow compared to turbulent mixing. This is hardly ever the case in practical
applications.

In addition, the chemical source terpg’_, hym andrmy; appearing in (1.17)
and (1.18) need to be modelled. Since these terms are highly non-linear and
strongly dependent on temperature and species concentrations, a moment closure
approach is inadequate. Therefore the modeling of the chemical source terms has
often been considered as the main problem in turbulent combustion. An early
attempt to solve this problem is due to Spalding [1.3] who realized that turbulent
mixing may be viewed as a cascade process from large to small scales and that
small scale mixing down to the molecular scales controls the chemical reactions.
Then mixing rather than reaction is the rate determining process. This model
was called the Eddy-Break-Up model (EBU). The turbulent mean reaction rate of
products was expressed as

— . . _E [y N\ 12
My = Min {mpr, cEBUpE (Yng) } (1.21)

WhereYIgr2 Is the Favre variance of the product mass fraction apd = 0.35

is the Eddy-Break-Up constant. The formulation in (1.21) takes into account that
chemistry may be rate determining in cold regions of the flow or when chemical
equilibrium in a homogeneous mixture has been reached.

The Eddy-Break-Up model marks an important step in the development of
models for premixed turbulent combustion. For non-premixed combustion, how-
ever, it fails to recognize that the simultaneous mixing of fuel and air during the
combustion poses an additional limitation. This limitation may be expressed as
the probability of finding stoichiometric mixture at a positienFor this case an
expression for the mean turbulent reaction rate was derived in a rigorous way by
Bilger [1.4] who showed that in the fast chemistry limit the mean consumption rate



of fuel may be expressed as

— 1_ Ye1 o =
Mg = —= ’ P(Z|Z =7Zs . 1.22
F 2/01 _ ZStht (Z| st) ( )

HereYr ; is the mass fraction of fuel in the fuel streaj,is the scalar dissipation
rate of the mixture fractio andP(Z|Z = Zg) is the probability density function
of Z, both conditioned at stoichiometric mixture fractidn= Zs;.

This expression introduces the probability density function (pdf) as an impor-
tant concept in turbulent combustion.

1.2 Probability Methods

If the pdf of all reactive scalars was known, the turbulent mean reaction rate of
species could be expressed as

m

5§ =5f/S(T,x>5(T,x>de1. (1.23)
TJY

Here S is defined as§ = m;/p and 5(T, Y) is the multi-dimensional Favre pdf
of the temperatur& and the mass fractioné of the reactive species. Since there
aren reactive species, they are denoted by the¥set (Y;, Y, ..., Y,). P(T,Y)
is defined as the probability of finding at poxand timet the temperaturé and
the reactive scalars within a range Df+ dT andY; & dY,;. Therefore the pdf
covers a space of + 1 dimensions. In the pdf formulation, the quantitiesind
Y are independent variables on which the pdf depends. They are considered as
random variables since their balance equations cannot be solved exactly for high
Reynolds number turbulent flows. In order to solve the problem of the turbulent
reaction rate based on (1.23) transport equations for the joint pdf of temperature
and the reactive scalars have been proposed (cf. [1.5]).

There are several ways proposed to derive this transport equation. We refer to
a presentation in [1.1] and present the final result as

(1.24)

) n 33 ~
_ _R{pug@P} ﬂ;;;%{i‘ﬂ P} .

Here vy is the setY including the temperature as additional variable. Similarly
the set Jincludes all diffusive fluxes of species and the heat flux. The first two
terms on the |.h.s of (1.24) are the local rate of change and convection in physical
space. The third term is the chemical source terma space. On the r.h.s the first
term represents turbulent transport in physical space and the last term molecular
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transport iny space. These two terms contain the velocity fluctuatiprand
the gradient of molecular fluxes, respectively, both conditioned on th¢ seid
therefore need to be modelled. -

In spite of the high dimensionality (1.24) is often thought be superior to other
formulations, because the chemical source termis exact. However, when chemistry
is fast compared to turbulent mixing, chemistry takes place in thin layers where
molecular transport and the chemical source term are the leading terms and balance
each other. This will result in steep local gradients of the reacting scalars, which
makes most closure assumptions applied to the molecular mixing term question-
able. For the same reason the gradient transport approximation cannot be applied
to the turbulent transport term in physical space.

In the case of fast chemistry, the pre-assumed pdf approach is widely used. It
relies on the assumption that within the thin layers, but also in their vicinity, the
profiles of temperature and the reactive species concentrations may be expressed
as functions of the mixture fractiad (for non-premixed combustion) the distance
functionG (for premixed combustion) or both (for partially premixed combustion).
Then only the pdf of the independent variablesnd G must be known. Since
these quantities are described by differential equations that do not contain chemical
source terms, the main problem in turbulent combustion is circumvented. These
equations and the modeling of the corresponding equations for calculating their
mean and variance will be discussed in the lectures that follow. Once the Favre
mean and variance are known at positkand timet, one may construct the entire
pdf by assuming that it depends on two parameters only. Thereby the functional
form of the pdfis “pre-assumed” and its local shape may be calculated by expressing
the two parameters in terms of the known values of the mean and the variance.

For the distance functioB, for instance, a Gaussian pdf has been shown to be
appropriate. Then the Favre pdfGfis given by

1 (G — G)?
———exp| ————
V2 G2 2G"
where the Favre meeﬁl(x, t) and the variancév”Z(x, t) are presumed to be known.

For the mixture fractior?, which varies betwee@ = 0 andZ = 1, the beta
function pdf is widely used

P(G,x,t) = (1.25)

~ Za—l(l _ Z)‘B_l
P(Z,x,t) = ') . 1.26
( ) Fatp) () I"(B) (1.26)
This function is shown in Fig. 1.2. HerE is the gamma function. The two
parameters and B are related to the Favre medrix, t) and varianceZ”2(x, t)

by

Z(1-2)
T—lzo,

7 (1.27)
a = Zy, B=0A-2)y.

9
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Figure 1.2: Shapes of the beta-function distribution.

When both, the profiles of the scalars and the pdf of the independent variables,
are known, means and variances of any quantity depending on the reactive scalars
may be calculated. In the case of non-premixed combustion, for instance, the mean
temperature, its variance and the heat release rate may be obtained from

1
Tx,t) = fT(Z)ﬁ(z,x,t)dz, (1.28)
0
~ 1 ~ ~
T2 = /(T(Z)—T)ZP(Z,x,t)dZ, (1.29)
0
n 1
~Y himy = ps?;,;/ S (Z)P(Z.x.1)dZ . (1.30)
i=1 0

whereS; = — Y, him;/p.

A further quantity of interest is the mean densjty Here, in using Favre
averages, one must consider the Favre average ofwhich for non-premixed
combustion would be

~ 1 1.
pl=— =/ ~P2)dz. (1.31)
P o P
The profiles of the reactive scalars may not only be a function of the independent
variable, but also of additional parameters. An example in non-premixed combus-
tion is the dependence on the scalar dissipationydte#. lecture 3 below). If that
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parameter is assumed to be a random variable and the joint pafgod x in this
example) is assumed to be known, then the means could be obtained by integrating
over both variables. This approach, however, has turned out to be impracticable
in many cases. Therefore the additional parameters are usually replaced by mean
values.

1.3 Turbulent Length, Time and Velocity Scales

In order to be able to estimate whether chemistry is fast or slow compared to
turbulent mixing, it is useful to define laminar and turbulent time, length and
velocity scales.

A given turbulent flow field may locally be characterized by the root-mean-
square velocity fluctuation’ and the turbulent macroscaleyielding a turbulent
time scaler = ¢/v’. If the Favre averaged turbulent kinetic energy and its dissi-
pation are used, one may relateand? to k andé by

v = (2k/3)Y?, =07/ (1.32)

The turbulent time is then
(1.33)

T =

Ml XM

In terms of the kinematic viscosity and ¢ the Kolmogorov length, time and
velocity scales are

pe 4 v\ 1/2 1
— _ N _ ~\1/4
n= ( - ) Lot = (8) vy = (B4, (1.34)

Furthermore, for non-premixed combustion, the non-homogeneous mixture field
must be considered. Fluctuations of the mixture fraction are characterized by

7z =vz72, (1.35)

whereZ2 is the Favre averaged mixture fraction variance. The time scale of the
flow may be expressed by the inverse of the scalar dissipation rate at stoichiometric
mixture xst which was already used in (1.22).

The Taylor length scale as an intermediate scale between the integral and the
Kolmogorov scale is defined by replacing the average gradient in the definition of
the dissipation by’ /A. This leads to the definition

il 2 2
fev(2) 25 (1.36)
8X‘3 A2
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Here the factor 15 originates from considerations for isotropic homogeneous tur-
bulence. Using (1.34) itis seen thais proportional to the product of the turnover
velocity of the large eddies and the Kolmogorov time

A= (1500?/5)% ~ v, . (1.37)

Thereforer may be interpreted as the distance that a large eddy convects a Kol-
mogorov eddy during its turnover tintg. As a somewhat artificially defined
intermediate scale it has no direct physical significance in turbulent combustion.

According to Kolmogorov’s 1941 theory on the universal range of turbulence,
there is a transfer from the energy containing eddies of characteristic size of the
integral length scalé to smaller and smaller eddies. The energy transfer per
unit turnover time of the large eddies is equal to the dissipation of energy at the
dissipation scal@. Therefore

v v
f=—=——. 1.38
E=—=- (1.38)

We may define a discrete sequence of eddies within the inertial range by defining

b4
by = on >n, n=12 ... (12.39)

Since the energy transfeiis constant within the inertial range, dimensional anal-
ysis relates the turnover tintg and the velocity difference, across the eddy,
to ¢ in that range as

2 3 EZ
s _" _Cn (1.40)
th  ln 3
This relation includes the integral scales and also holds for the dissipation scales
v2 s
g=-—"=-"1. (1.41)
t, n

1.4 Regimes in Premixed Turbulent Combustion

For scaling purposes it is useful to assume a Schmidt number SO of unity
and to define the flame thickne&sas the ratio of the diffusivityp and the laminar

burning velocitys,
D

g = —. 1.42
FEy (1.42)

Then, we may define the turbulent Reynolds number
Re= U/K/SLEF (143)

12



the turbulent Dam@filer number
Da, = t/tr = s.£/v'k (1.44)
and the turbulent Karlovitz number
Ka=Da ' =te/t, = (F/n* =v2/s . (1.45)

The Karlovitz number is therefore equal to the inverse of a Dartéd number
defined with the Kolmogorov time scale rather than with the integral time scale.
Since the interaction between chemistry and turbulence occurs at the smallest scale
only, the Damlkhler number defined by (1.44) has no direct physical significance
as far as the interaction between turbulence and chemistry is concerned. It will be
shown, however, that the condition D& 1 corresponds to the largest value of a
mixing length scale that will be introduced below. The definitions can be used to
derive the following relations between the ratidgs, and{/¢g in terms of the

two non-dimensional numbers Re and Ka as

v/st = Ret/te)™

1.46
Ka?3(¢/te)Y3 . (1:49)

In the following we will discuss a regime diagram, Fig. 1.3, for premixed turbulent
combustion where the logarithm of/s_ is plotted over the logarithm d@f/¢¢. In
this diagram, the lines Re 1, Ka= 1 and Kg = 1 represent boundaries between
the different regimes of premixed turbulent combustion. Another boundary of
interestistheline’/s. = 1, which separates the wrinkled and corrugated flamelets
and the line denoted by Ka= 1, which separates thin reaction zones from broken
reaction zones.
The line Re= 1 separates all turbulent flame regimes characterized by Re
from the regime of laminar flames, which is situated in the lower-left corner of the
diagram. Among the remaining four regimes, the wrinkled and corrugated flames
belong to the flamelet regime, which is characterized by the inequalities Re
(turbulence) and Ka< 1 (fast chemistry). The boundary to the thin reaction
zones regime is given by Ka 1, which, according to (1.45), is equivalent to the
condition that the flame thickness is equal to the Kolmogorov scale (the Klimov-
Williams criterion). However, in addition, since viscosity as a molecular transport
process relates Kolmogorov velocity, length, and time scales to each other in the
same way as the velocity, length, and time scales are related in a laminar flame the
flame time is equal to the Kolmogorov time and the burning velocity is equal to
the Kolmogorov velocity. This is also apparent from (1.45).

The thin reaction zones regime is characterized by-Rd4, Ka < 1 and
Ka > 1, the last inequality indicating that the smallest eddies can enter into the
flame structure since < £r. The smallest eddies of sizeare still larger than the
inner layer thickness

ls = 8Lk (1.47)
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Figure 1.3: Regime diagram for premixed turbulent combustion.

and can therefore not penetrate into that layer. The non-dimensional thidkofess
the inner layer in a premixed flame is typically one tenth suché@hiatone tenth of
the preheat zone thickness (cf. [1.6]), which is of the order of the flame thickness
£r. We may therefore introduce a Karlovitz number based on the thickness of the
inner layer

Kay; = £2/n° = §°Ka. (1.48)
Therefore, if§ = 0.1 the value Ka = 1 corresponds to K& 100.

We will now enter into a more detailed discussion of the various regimes.
The flamelet regime is subdivided into the regimes of wrinkled and corrugated
flamelets. In the wrinkled flamelet regime, where< s_, v" may be interpreted
as the turnover velocity of the large eddies. It follows that even those eddies
cannot convolute the flame front enough to form multiple connected reaction sheets.
Laminar flame propagation is dominating over turbulent flame propagation in this
regime.

In the regime of corrugated flamelets there is an interaction between turbulent
and laminar flame propagation. In view of (1.45), we have with<Ka

V' =8 >, (1.49)

within this regime. Since the velocity of large eddies is larger than the burning
velocity, these eddies will push the flame front around, causing a substantial cor-
rugation. Conversely, the smallest eddies, having a turnover velocity less than the
burning velocity, will not wrinkle the flame front.
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Figure 1.4: Kinematic interaction between a propagating flame front and an eddy
of the sizel,, = ¢{g. The dashed line marks the thickness of the preheat zone.

To determine the size of the eddy that interacts locally with the flame front,
we set the turnover velocity, in (1.40) equal to the burning velocigy. This
determines the Gibson scale [1.7]

lc=s}/¢. (1.50)

The Gibson scale is the size of burnt pockets that move into the unburnt mixture
with velocity s_. These pockets try to grow there due to the advance of the flame
front normal to itself, but are reduced in size again by newly arriving eddies of
sizelg with turnover velocityv, = s.. Therefore, there is kinematic equilibrium
mechanism for the formation of burnt pockets, while unburnt pockets that penetrate
into the burnt gas will be consumed by flame advancement. This is illustrated in
Fig. 1.4. It is worth noting thatg increases witls_ if the turbulence properties

are kept constant. Using (1.32pne may also write (1.50) in the form

0/l = (S./v)3. (1.51)

A graphical derivation of the Gibson scalg within the inertial range is shown
in Fig. 1.5. Here the logarithm of the velocity is plotted over the logarithm of
the length scale according to (1.40). We asswhand¢ and thereby, and alsa
and thereby, andn to be fixed. If one enters on the vertical axis with the burning
velocitys, equal tov, into the diagram, one obtaiidg as the corresponding length
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Figure 1.5: Graphical illustration of the Gibson scédewithin the inertial range.

scale on the horizontal axis. The laminar flame thickdgssvhich is of the order

of the Markstein length (which will be defined in lecture 2) but is smaller than

n in the corrugated flamelet regime is also shown. This diagram also illustrates
the limiting values o g: If the burning velocity is equal to’, ¢¢ is equal to the
integral length scalé. This case corresponds to the borderline between corrugated
and wrinkled flamelets in Fig. 1.3. Converselysifis equal to the Kolmogorov
velocity v,, £c is equal ton. This corresponds to the line K& 1 in Fig. 1.3.
Therefore s may vary between and? in the corrugated flamelet regime.

The next regime of interest in Fig. 1.3 is the regime of thin reaction zones. As
noted earlier, since < £, in this regime small eddies can enter into the preheat
zone and increase the scalar mixing, but they cannot penetrate into the inner layer
sincen > ¢s. The burning velocity cannot be defined as a property of the mixture
anymore, but since the reaction zone also moves normal to itself due to reactive
and normal diffusion, there is a displacement speed of the reaction zone which is
of the same order of magnitude as the burning velagityT he burning velocity is
smaller than the Kolmogorov velocity in this regime which would lead to a Gibson
scale that is smaller thapn Therefore the Gibson scale has no meaning in this
regime. Another characteristic scale, however, can be defined since Kand
according to (1.45) the flame time is larger than the Kolmogorov time and therefore
within the inertial range. For laminar flames the flame time may be defined as the
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time that a flame needs to propagate across its own thickness
L
tp = — .
SL
If we use (1.42) it may also be related to the diffusivity indicating that it is the time
needed for diffusion of heat or chemical species across the distance

(1.52)

62
te = BF . (1.53)
Then, by settinge = t, in (1.40), one obtains the length scale
ln = (B2, (1.54)

This scale may be interpreted as a mixing length scale. Itis defined as the size of an
eddy within the inertial range which has a turnover time equal to the time needed
to diffuse heat over a distance equal to the thickdgssDuring half its turnover
time an eddy of sizé, will interact with the advancing reaction front and will
be able to transport preheated fluid from a region of thickideds front of the
reaction zone over a distance corresponding to its own size. This is schematically
shown in Fig. 1.6. Much smaller eddies will also do this but since their size is
smaller, their action will be masked by eddies of dize Much larger eddies have
a longer turn-over time and would therefore be able to transport thicker structures
than those of thicknes&:, namely of the thicknesg,, across their own width.
They will therefore corrugate the broadened flame structure at scales larger than
¢m. The physical interpretation df, is therefore that of the maximum distance
that preheated fluid can be transported ahead of the flame.

Again, the derivation of ,, is illustrated in a diagramin Fig. 1.7, showing (1.40)
in a log-log plot oft, overZ,. If one enters the time axis &t = t,, the scale,
on the length scale axis is obtained. It should be noted that all eddies having a size
between and{,,, have a shorter turnover time thép and therefore are able to
mix the scalar fields in front of the thin reaction zones more rapidli i$ equal
to the Kolmogorov time,, Fig. 1.7 shows that, is equal to the Kolmogorov scale
n. In this case, one obtailg, = ¢ at the border between the thin reaction zones
regime and the corrugated flamelet regime. Similarly, from Fig. 1.7, if the flame
timetg is equal to the integral time, £, is equal to the integral length scale. This
corresponds to Da= 1 which previously [1.7] was interpreted as the borderline
between two regimes in turbulent combustion. Here, it turns out to merely set a
limit for the mixing scalel,, which cannot increase beyond the integral s¢ale
The line¢,, = £ is also shown in Fig. 1.3.

In Fig. 1.7 also the flame thickneés and the Gibson scale; are shown. The
Gibson scale is smaller than the Kolmogorov scale@anlies between and¢,,.
It may also be noted that, since we have assumedD, the Kolmogorov length
is equal to the Obukhov-Corrsin scale

lc = (D3/&)Y4 (1.55)
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Figure 1.6: Transport of preheat gas from a region of thickidedsy an eddy of
sizel, = £y, during half a turnover timg, = tg.

which will be used in the next lecture.

As a final remark related to the thin reaction zones regime, it is important to
realize that turbulence in real systems is not homogeneou$ @&dot a local
constant but has a statistical distribution. This refinement of Kolmogorov’s theory
has led to the notion of intermittency, or “spottiness”, of the activity of turbulence
in a flow field. This may have important consequences on the physical appearance
of turbulent flames at sufficiently large Reynolds numbers. One may expect that
the flame front shows manifestations of strong local mixing by small eddies as well
as of rather smooth regions where corrugated flamelets appear. The two regimes
discussed above may well both be apparentin an experimentally observed turbulent
flame.

Beyondtheline Ka= 1thereisaregime where Kolmogorov eddies are smaller
than the reaction zone thickness They may therefore enter into these zones and
perturb them until the reactions break down locally due to loss of radicals. This
regime is called the broken reaction zones regime and corresponds to what has
been called slow chemistry in the introduction.
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Figure 1.7: Graphical illustration of the mixing scdlg within the inertial range.

1.5 Regimes in Non-Premixed and
Partially Premixed Turbulent Combustion

In order to analyze partially premixed and non-premixed turbulent combustion, it
iIs necessary to identify the relevant quantities that influence the flame structure.
In a non-homogeneous mixture field the reaction zone is attached to the high
temperature region close to stoichiometric mixture and is advected and diffused
with the mixture field. In contrast to premixed combustion, there is no burning
velocity, which would move the combustion front relative to its previous position.
There is a characteristic time scale, however, the chemical time which we relate to
the inverse of the scalar dissipation rate This value corresponds to the condition
where heat loss by diffusion out of the reaction zone cannot be balanced by the heat
release from the chemical reaction and therefore the flamelet is quenched. The
scalar dissipation ratg, is an eigenvalue of the laminar diffusion flame problem
similarly ass, is an eigenvalue for the premixed laminar flame. Since it has the
dimension of sec! it may be considered as the inverse of a characteristic chemical
time. Since there is no physically meaningful velocity scale in diffusion flames no
meaningful length scale can be defined. Because the mixture field fixes the flame
position, mixture fraction space rather than physical space should be considered.
Therefore one must define a flame thickness in mixture fraction space.

For a strained laminar diffusion flame, one may use the strairaratel the
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diffusion coefficientD to define a diffusion length scale

lp = \/g. (1.56)

Herea corresponds to a velocity gradient and may be interpreted as the inverse
of the characteristic flow time. The mixture fraction profile across the diffusion
flame may be used to define the mixture fraction gradient normal to the reaction
layer at stoichiometric mixture &d Z/d x,)st. Then the flame thickness in mixture
fraction space may be defined as

dz
AZ)e=|—| ¢p. 1.57
@2 =(g2) to (157
This thickness contains the diffusive layers surrounding the reaction zone and
therefore corresponds to the preheat zone thickness of @¢lgy) in premixed
flames.

The instantaneous value of the scalar dissipation rate is defined as

x =2D(VZ)?. (1.58)

Conditioningy atZ = Zy leads to

dz\?
Xst=2D (E) ; (1.59)
st

since gradients in tangential direction on the isolthe- Z are zero. Therefore
one may combine (1.56), (1.57) and (1.59) to obtain

1/2
XSt) . (1.60)

(42) = (32
For strained laminar diffusion flames of hydrogen or hydrocarbon-air mixdyes

is small and AZg) may be estimated as
(AZ)g ~2Zq. (1.61)

In the regime diagram for partially premixed and non-premixed turbulent com-
bustion shown in Fig. 1.8 the rati&’2/(AZ)% is plotted over the time scale ratio
Xq/ X - Letus consider mixture fraction fluctuations around stoichiometric mixture.
For large mixture fraction variance&? > (AZ)2, mixture fraction fluctuations
extend to sufficiently lean and rich mixtures such that the diffusion layers sur-
rounding the reaction zones are separated. For small mixture fraction variances
72 < (AZ)%, which may either be due to intense mixing or to partial premix-
ing, a situation arises where diffusion layers surrounding the reaction zones are
connected. Therefore the criteriddi?/(AZ)r = 1 distinguishes between two
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regimes. If mixture fraction fluctuations are larger thi{arZ ) one has separated
flamelets, otherwise connected flame zones.

However, wheris: > xq laminar flamelets can not exist in a diffusion flame.
This corresponds to the regime denoted as flame extinction in Fig. 1.8.

Fig. 1.8 also shows schematically how local conditions on the centerline of
a lifted jet diffusion flame would fit into these three regimes of non-premixed
turbulent combustion. Since the flame is lifted, they would correspond to flame
extinction close to the nozzle and enter into the flamelet regime at the lift-off height.
Close to the flame tip where the variance has decayed to values of the order of
(AZ)2 one enters into the connected flame zones regime. Fitfcdecreases as
x~2 andy asx~* on the centerline in a jet flame, whexés the distance from the
nozzle, local conditions follow a line with a slopel/2 in the double-logarithmic
plot in Fig. 1.8. When the fuel exiting from the nozzle is partially premixed
the position of the centerline shown in Fig. 1.8 would shift to lower values of
Z"2/(AZ)% and therefore move more into the regime of connected flame zones.
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Figure 1.8: Regimes in non-premixed turbulent combustion.
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Lecture 2

Premixed Turbulent Combustion

It was noted in lecture 1 that the most important application for premixed turbulent
combustion are spark-ignition engines. In homogeneous charge spark-ignition
engines fuel is injected into the intake manifold and mixes with the intake air.
When this mixture enters into the cylinder it mixes further with the remaining burnt
gas from the previous cycle during the subsequent compression. At approximately
40-20 degrees before top dead center (TDC) the mixture is nearly homogeneous. It
is ignited by a spark forming at first a laminar flame kernel, which rapidly becomes
turbulent. This kernel develops into a turbulent flame which grows spherically until

it reaches the combustion chamber walls at the piston, the cylinder and the cylinder
head. Fig. 2.1 shows Schlieren photographs of flame propagation in a dish shaped
combustion chamber of a 1.6 liter transparent engine at 2000 rpm. The piston is
equipped with a quartz window which allows to observe the combustion process.
In this series of pictures, ignition occurred at approximately 40 degrees before
TDC. At 22 degrees before TDC the flame kernel has grown to a few millimeters.

It then develops further until at 14 degrees before TDC large turbulent structures
become visible. The corrugated flame front is located within the bright regions
where large density gradients occur. At 4 degrees before TDC there appears a dark
region behind the front which corresponds to the burnt gas region. At TDC the
flame has traveled across most of the visible part of the combustion chamber.

As the burnout of the charge must be completed within a crank angle range
up to 40 degrees after TDC, it is clear that in spark ignition engines the turbulent
burning velocity is a very important quantity that needs to be known. In this lecture
we will focus on models for the turbulent burning velocity.

2.1 Experimental Devices

The most classical experiment to determine turbulent burning velocities uses the
Bunsen burner. The only difference to the laminar Bunsen burner experiment is
that the flow is turbulent rather than laminar. This may be achieved by running
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Figure 2.1: Schlieren photographs of flame propagation in a transparent engine.
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Figure 2.2: Instantaneous and time averaged Bunsen flames.

the experiment with a large enough diameter and velocity to exceed the critical
Reynolds number in the pipe of the Bunsen burner or by adding a turbulence
grid at the exit of the burner. The second arrangement has the advantage that the
turbulence length and velocity scales may be controlled independently while in the
case of aturbulent pipe flow they vary in radial direction and depend on whether the
pipe flow is fully developed or not. In Fig. 2.2 the turbulent Bunsen cone is shown
schematically as a collection of instantaneous flame contours and as a long-time
exposure of the fluctuating flame front.

The second picture corresponds to a time-average description and shows the
mean flame contour and the flame brush thickness which increases with down-
stream distances. Also, a mean stream line is shown. Due to thermal expansion
in the flame the stream lines are deflected as in a laminar Bunsen flame. As in a
laminar case the turbulent burning velocity may be determined by measuring the
anglea of the mean flame contour with respect to the flow. Since this angle is
not constant along the mean flame contour such a measurement provides only an
estimate.

Theadvantagesof the turbulent Bunsen flame experiment are the following:

e The mass flow rate through the Bunsen cone in known.
e There is an easy optical access to the flame.

Thedisadvantagesare:
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Figure 2.3: The weak swirl burner [2.1] with a freely stabilized premixed flame
normal to the mean flow.

e The flow field is not uniform in the case of a fully developed pipe flow.

e Evenifaturbulence grid is used within the pipe, shear layers develop outside
of the tube and create non-uniformities of the flow.

e The mixing with the surrounding air will dilute the fuel-air mixture and
generate mixture fraction non-uniformities.

In order to avoid the influence of non-homogeneities in studying turbulent
burning velocities, it is useful to consider flames generated by a weak swirl burner
[2.1]. Such a device is shown schematically in Fig. 2.3. It consists, as the Bunsen
flame, of a flame tube which in addition to the main premixed flow has four tan-
gential air inlets that generate a circumferential velocity component. This velocity
component, however, is restricted only to a small portion of the outlet flow at the
perimeter of the premixture close to the burner rim but leaves the center core flow
undisturbed. The weak swirl generates a slightly diverging flow that stabilizes
the premixed downward propagating flame at the vertical position where the mean
flow velocity equals the turbulent burning velocity.
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Figure 2.4: A fan-stirred combustion bomb for premixed turbulent combustion
studies.

Theadvantagesof the weak swirl flame experiment are:

e It is possible to generate a freely stabilized flame which has a one-dimen-
sional steady structure in the mean.

e There is an easy optical access to the flame.

Thedisadvantageis:

e The mass flow rate through the flame is not known.

Since the main application of premixed turbulent combustion is in engines, it
is important to study also unsteady flames. An isotropic turbulence field may, for
instance, be established in a fan-stirred combustion bomb [2.21] shown in Fig. 2.4.

Such a device has been used extensively by D. Bradley and co-workers (cf.
[2.3]). Four mutually opposed high speed fans create a nearly isotropic homoge-
neous turbulence field with a low mean velocity in the center region of the bomb.
One or two flame kernels are initiated by electrical sparks and propagate either
radially outwards or towards each other. They can be observed through quartz
glass windows. Another device for measuring unsteady flame propagation is the
single stroke compression machine with a square piston and a turbulence grid that
is pulled through the combustion chamber before ignition. Such a configuration
was used by Adomeit and co-workers [2.4].
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During the flame kernel development the instantaneous flame front interacts
with all sizes of turbulent eddies. Therefore, there is a time period during the early
flame kernel development, where the interaction of the flame with the turbulent
flow field is not fully established. An estimate of this time period will be given
below.

Theadvantageof these configurations is the following:

e A nearly isotropic homogeneous turbulence field with high turbulence in-
tensity is established.

Thedisadvantagesare:

e The experiment is unsteady and the early flame development must be taken
into account.

e The optical access through quartz glass windows is more difficult than in
open flames.

2.2 Scaling Laws for the Turbulent Burning Velocity

Damkohler [2.5] was the first to present theoretical expressions for the turbulent
burning velocity. He identified two different regimes which he called large scale
and small scale turbulence, respectively. For large scale turbulence he assumed
that the interaction between a wrinkled flame front and the turbulent flow field is
purely kinematic and therefore independent of length scales. This corresponds to
the corrugated flamelet regime that has been discussed in lecture 1. In the limit of
a large ratio of the rms turbulent velocityto the laminar burning velocitg, the
turbulent burning velocitgr is then proportional te’

sr~v for v >>g . (2.1)

In order to derive this result consider a steady turbulent flow with constant mean ve-
locity v and uniform turbulence properties characterized by the turbulent intensity
v" and the integral length scale Then a plane turbulent flame should propagate in
opposite direction to the flow. A steady flame is obtained if the turbulent burning
velocity sy is equal to the turbulent mean flow velocity

Sr="7. (2.2)

This idealized one-dimensional steady flame as shown is very difficult to realize
experimentally. If one reduces, for example, the flow velocity in a Bunsen flame the
cone angle increases but the flame propagates into the tube rather than stabilizing
at the exit of the burner when the mean velocity is equal to the burning velocity.
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Figure 2.5: An idealized steady premixed flame in a duct with constant flow
velocity.

This is due to inhomogeneities in the turbulent flow and the very dynamic response
of the flame thereon. Therefore a plane turbulent flame can only be established if
additional measures are taken to stabilize it. These will be discussed below, when
flames in a divergent or swirling flow are discussed.

The definition of a turbulent burning velocity goes back to Dahiki who also
introduced the concept of an instantaneous wrinkled turbulent flame surface, which
for constant turbulence and combustion properties should have reached statistically
a steady state. He equated the massrfiwt unburnt gas with the laminar burning
velocity s; through the turbulent flame surface aféato the mass flux through
the cross sectional aréawith the turbulent burning velocitgr (cf. Fig. 2.5)

m=p,S. Fr=puSt F. (2.3)

Herep, is the density of the unburnt mixture. The burning velocieandsr are
also defined with respect to the conditions in the unburnt mixture. This leads to

S F

T_T. (2.4)

SL F
Using the geometrical analogy with a Bunsen flame, Daimds"assumed that the
area increase of the wrinkled flame surface area relative to the cross sectional area
is proportional to the increase of flow velocity over the laminar burning velocity

FT S+ v

S = (2.5)

Herev’ is the velocity increase which finally is identified as the turbulence intensity
v’. Combining (2.4) and (2.5) leads to

T4 2 (2.6)

S S
or in the limit v’ > s_ to the law given by (2.1). It states that in the case of
large scale turbulence the turbulent burning velocity should be independent of any
laminar velocity, length and time scale of combustion. Therefore chemistry should
not affect the process of turbulent flame propagation.
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For small scale turbulence Dawiér argued that turbulence modifies the
transport between the reaction zone and what he called the “preparation zone”. He
used the scaling relation for the laminar burning velocity

st ~ D/t (2.7)

wheret; is the chemical time scale and replaced the laminar diffusibitpy a
turbulent diffusivity D; to obtain

st ~ v D/t (2.8)

St Dy
i \/g 2.9)

where it is implicitly assumed that the chemical time scale is not affected by
turbulence. Since the turbulent diffusivity is proportional to the producand

the laminar diffusivity is proportional to the product of the laminar burning velocity
s. and the flame thicknegs (cf. (1.42)) one may write (2.9) as

S "L
SUPONY s (2.10)
S S Ck

showing that in the small scale turbulence regime the ratio of the turbulent to the
laminar burning velocity not only depends on the velocity ratis_ but also on
the length scale ratié/ ¢¢.

There were many attempts to modify Dao#ér’s analysis and to derive ex-
pressions that would reproduce the large amount of experiment data on turbulent
burning velocities. Expressions of the form

S _14c (i)n (2.11)

SL SL

and therefore the ratio

have been proposed that contain (2.1) and (2.10) as limiting cases. When the
ratio sr/s. is plotted as a function af’/s. which is called the turbulent velocity
diagram, the exponent is found to be in the vicinity of 0.7 or 0.75 [2.6]. Attempts
to justify a single exponent on the basis of dimensional analysis, however, fall
short even of Damitiler’'s pioneering work who had recognized the existence of
two different regimes in premixed turbulent combustion.

The deviation from the straight line of the large scale turbulence limit is called
the bending of the turbulent burning velocity. In Fig. 2.6 two empirical approx-
imations are plotted in the turbulent velocity diagram for a length scale ratio of
¢/¢g = 50 showing the bending effect. The reason for this bending is not fully
understood. This is often considered to be the most important unresolved problem
in premixed turbulent combustion. We will discuss this question in the context of
combustion regimes that were presented in Fig. 1.3. It will be shown below that
Damlohler’s case of large scale turbulence falls into the corrugated flamelet regime
while his small scale turbulence case falls into the thin reaction zones regime.
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Figure 2.6: Comparison of different correlations for the ratio of the turbulent and
the laminar burning velocity as a function @f/s? for ¢/¢¢ = 50.

2.3 The Bray-Moss-Libby Model

This widely used concept in premixed turbulent combustion (cf. [2.7], [2.8]) as-
sumes that chemical reactions are localized in a thin surface which may be repre-
sented as a sheet separating unburnt mixture from burnt gas. This approximation
clearly places the BML model within the flamelet regime in Fig. 1.3. The formu-
lation is based on introducing a progress variable which, by definitian=s0
in the unburnt mixture and = 1 in the burnt gas. The progress variable can
be interpreted in the context of a one-step reaction either as a non-dimensional
temperature

T-T,

cC=

Tb - Tu
or as a non-dimensional product mass fraction. This interpretation is somewhat
misleading, since the basic assumption of the model states that reaction is infinitely
thin and no intermediate values of temperature betWgemdT, can be resolved.
The progress variable is better interpreted as a step function that separates unburnt
mixture and burnt gas in a given flow field. It is therefore related to the spatial
structure of the flame front and its statistics rather than to a reacting scalar such as
the temperature or the reactants and products. This propectp@fomes more

(2.12)
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evident when the pdf af at a given locatiox is considered. It is introduced as
P(c,X) = a(X)é(c) + B(X)6(L —c) + y(x) f(c, x) (2.13)

wherea, f andy are the probabilities of finding unburnt, fully burnt and burning
mixture, respectively, at locatiax § is the Dirac function and (c, x) is the pdf

of finding values betweea = 0 andc = 1. Due to the basic assumption of an
infinitely thin sheet the limity = 0 is taken which leads to a two-delta function
description of the pdf with

aX) +BX) =1. (2.14)

Herea/(x) corresponds to the probability of finding unburnt mixtyséx) to that
of finding burnt gas at the location Then the mean progress variable is calculated
as

1
c= / c P(c,x)dc= B(X) (2.15)
0

indicatingC(x) is nothing else than the probability of finding burnt gas at location
X.

Assuming constant pressure and a constant mean molecular weight the density
ratio is inversely proportional to the temperature ratio. Then, using (2.12) one may
also express the density as a function of the progress variable

o Ty 1

ow T 1+1c

(2.16)

wherer = (T,—T,)/T,. Thenthe ratio of the mean densitydpcan be calculated
from the pdf by taking only the entries at= 0 andc = 1 into account

B(X) B(X)

— 1
Gt =f pPEOdc=a(X) + ——=1-BX) + —— (2.17)
0 1+T

Pu

1+

where (2.14) has been used. The Favre averaged progress védriadalg be
obtained by using its definition as

- 1
et ° peyde= 2 PW (2.18)

C(x = .
*) 0 o Jo 1+1C p 1+t

Combining (2.17) and (2.18) one may exprggs) and therefor&(x) as a function
of €(X)

_ (14 7)E(X)
C(x) = B(X) 17 6 (2.19)
This also yields a simple expression for the density ratio in tern@s of
p(X) 1
= 2.20
Pu 1+ 7E(%) (2.20)
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which shows an interesting analogy to (2.16).

The BML model has been extended to express higher moments of the progress
variable and also correlations between the velocity and the progress variable in
terms of mean quantities. These results illustrate the consequences of the bi-
modal form of the pdf in (2.13) but they unfortunately do not lead to a closure of
the unknown terms in the balance equations.

2.4 The Level-Set Approach for the Kinematic
G-Equation

If chemistry is sufficiently fastitoccursin layers that are thin compared to the length
scales of the flow. All the chemistry is then confined to these thin layers and the
chemical source term in the equations for the reacting scalars could be represented
by a delta function rather than a continuous smooth function in physical space.
In order to circumvent the difficulty of modelling series of delta functions, it is
useful to formulate the problem of premixed turbulent combustion in terms of a
field equation that does not explicitly contain a chemical source term. Such an
equation may be derived from a kinematic balance between the flow velgcity
the burning velocity normal to the frostn and the resulting propagation velocity
dx/dt of the front

dx_ 2.21)

T V+ns (2.

Bby defining the normal vector as

VG
n=——— 2.22
VG| (2.22)

and considering an arbitrary iso-scalar surface
Gx, t) =Gp. (2.23)

This surface divides the flow field into two regions wh&e> Gq is the region
of burnt gas and < Gg that of the unburnt mixture (Fig. 2.7). This is called the
level-set approach. If one differentiates (2.23) with respett to

dG dx
—+ VG- — =0 2.24
dt * dt G=Gg ( )

and introduces (2.21) one obtains

dG
5 TV VG =5s|VG (2.25)

which will be called kinemati€-equation in the following. It contains a local and
a convective term on the I.h.s, the Eikonal term with the burning velscion the
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r.h.s but no diffusion term. It is valid in the corrugated flamelet regime where the
flame thickness is smaller than the Kolmogorov scale. AlthaBgkpresents an
arbitrary scalar, it is convenient to interpret it as the distance from the flame front
by imposing the conditionVG| = 1 for G # Go numerically. This numerical
procedure is called re-initialization [2.9]. Thé&has the dimension of a length.

It will be called the distance function in the following. This use of the level-set
approach is by no means compulsory. In fact (2.25) also satisfies any variable
that is a unique function d&. This is immediately evident for a linear function

A

G = aG + b, but also, for example, for the progress variatil@). If we define

_ ] 0, forG <Gy
c=H(G -Gy = { 1 forG > Go (2.26)
whereH is the Heaviside function, the derivative ofs
and therefore the normal vector is also
\Y4
Ne——o (2.28)
Vel
Introducing (2.27) into (2.25) leads to
dc
— 4+ Vv-VCc=9|V(| (229)

dt

since the delta function cancels.

The burning velocitys, appearing in (2.25) is defined with respect to the
unburnt mixture. It may be modified to account for the effect of flame curvature
and flame strain. In asymptotic analyses employing the limit of a large ratio of
the fluid dynamic length scale to the flame thickness resulting in a quasi-steady
structure of the preheat zone, first order corrections to the burning velocity due to
curvaturex and straining of the flame may be derived [2.10]-[2.12] yielding

ss=s—-SLk+Ln-Vv-n. (2.30)

Heres? is the burning velocity of the unstretched flame abds the Markstein
length. The ratio of the Markstein length to the flame thickness is called the
Markstein number and depends on the density ratio between the burnt and the
unburnt gas, the Lewis number and the Zeldovich number. For the case of a one-
step large activation energy reaction and a constant thermal conductivity, dynamic
viscosity and heat capacity, the ratio ofL to the flame thickness: is

y/(A=y

)
1 +Ze(Le—1) Q-y) f In(1X+x)dX.

L 1
—=—1In
ey l-y 2 Y

(2.31)
0
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This expression was first derived by Clavin and Williams [2.13]. Heee (T, —
Tw)/Tp whereT, and T, are the temperatures in the burnt and the unburnt gas,
respectively, Ze= E(T, — T,)/RT? is the Zeldovich number, wherg is the
activation energy and R the universal gas constant, ane=Le/p c, D is the
Lewis number of the reactant.

The flame curvature in (2.30) is defined as

2 —_— . .
K:V-n:V-( VG):_VG n-vn VG). (2.32)

VG VG
If (2.30) is introduced into (2.25) the kinemati:equation may be written as

G
E—I—V*VG:SEU—DLKO-l-Ln-VV-HO, (2.33)

whereD, = SEL is the Markstein diffusivity and

is the absolute value of the gradient of the distance funcon

The curvature term adds a second order derivative to the kine@aguation.
This avoids the formation of cusps and non-unique solutions that would result from
(2.25) with a constant value af . The mathematical nature of (2.33) is that of
a Hamilton-Jacobi equation with a parabolic second order differential operator
coming from the curvature term. It is easily shown that the progress variable also
satisfies (2.33).

The properties of th&-equation for turbulent flow fields have been investigated
in a number of papers. In particular, Kerstein et al. [2.14] have performed direct
numerical simulations for the constant density (pasgB«equation in a cubic box
and have shown that for larger times the mean absolute gradigatrofy be
interpreted as the total flame surface density of the front equal to the ratio of the
turbulent to the laminar burning velocity

5=1VG[ = (2.35)

S
In view of (2.4) this may also be interpreted as the ratio of the turbulent flame
surface are#; to the cross sectional aréa L

In [2.15] Reynolds-averaged equations for the m&aand the varianc&’?
have been derived. A constant density was assumedsamdand the velocity
component, were split into a mean and a fluctuation

G=G+G', 0=6+0", Vu=0,+70,. (2.36)

The equation for the meaa is simply
G = o= Ve — O~ — v o~
E—kv-VG—i—V-vG=sLa—DL/<o+Ln~Vv-no~. (2.37)

36



y G(x,t) =Gg
n
G>Gg
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Figure 2.7: A schematic representation of the flame front as an iso-scalar surface
of G(x, t).

The conditionG = G, now defines the location of the mean flame front, while
the varianceG2 accounts for flame front fluctuations and thereby is a measure
of the flame brush thickness. An equation @& may be derived by subtracting
(2.37) from (2.33) to obtain an equation 1Gf. After multiplying this by Z5" and
averaging one obtains the equation

0G?2
ot

Here, the local and convection term and the turbulent transport term on the |.h.s as
well as the production term2G’- VG on the r.h.s result from local and convective
terms in (2.33). The second term on the r.h.s of (2.38) results from the Eikonal
termsPo in (2.33) and is defined as

w=-280'G . (2.39)

+V-VG24+V.-(VG?) =-2G - VG—-w—%,—2r. (2.38)

This term was called kinematic restoration in order to emphasize the kinematic
effect of local laminar flame propagation. It accounts for the smoothing effect of

the G-field and thereby the flame surface by flame advancement with the laminar
burning velocity. Flame front corrugations produced by turbulence are restored by
this kinematic effect. The third term on the r.h.s of (2.38) results from the second
term on the r.h.s in (2.33) and is defined as

X, =2D/Gko . (2.40)

Since itcontains the Markstein diffusivity itis called the Markstein dissipation. The
last term in (2.38) results from the last term in (2.33) and is called the scalar-strain
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Figure 2.8: Double logarithmic plot of the scalar spectriimas a function of the
wave numbek.

co-variance -
Y, =-2LGn-VV-no . (2.41)

2.5 Closure of the KinematicG-Equation

The kinematic restoratiom is the most important destruction term in (2.38). It
counterbalances the production term and thereby limits the variance and therefore
flame front fluctuations in the corrugated flamelet regime. In [2.15] a closure
of this term was achieved by deriving a scalar spectrum function for two-point
correlations ofG.

The scalar spectrum function is schematically shown in Fig. 2.8. It contains an
inertial range with slope -5/3 between the integral length scale and the Gibson scale
¢s and a range with slope -2 between the Gibson scale and the Obukhov-Corrsin
scalelc.

In [2.15] it was shown that kinematic restoration is active at the Gibson scale

lc = (2.42)

ml'l_mo

sincelg represents the first cut-off from the inertial range in the scalar spectrum
function and therefore is responsible for removing scalar fluctuations. It was
already shown in Fig. 1.5 that in the corrugated flamelet regime the Gibson scale
is larger than the Obukhov-Corrsin scéleand the Markstein length. From the
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analysis in [2.15] results an expression which relat¢s the varianc&? and the
turbulent timer = k/z

®=C¢C, : G~ (2.43)

with ¢, = 1.62. This expression shows that the kinematic restoration plays a
similar role for fluctuations of the flame front as the scalar dissipation plays for
concentration fluctuations of diffusive scalars.

The scalar dissipation is active at the Obukhov-Corrsin scale and the scalar-
strain co-variance is active at the Markstein length which is of the order of the
flame thickness. Therefore both are smaller than the kinematic restoration in the
corrugated flamelet regime. WhilE, can probably be neglected in all practical
applications,yx ; should be included for cases close to the Klimov-Williams line
Ka = 1in Fig. 1.4 wherd s approaches.

In order to derive a more consistent closure formulation we may split the
productG'«ko that appears in (2.40) into two terms

G'VG
IVG]

2G'ko =—-V - (2 ) +2VG'VG. (2.44)

After averaging one may replace products li®G and VG'VG by G and
VG'VG/, respectively, such that

— 2G'ko = -k — 2VNGVG (2.45)

wherex” is a curvature-like term defined by

, VG/Z
kK'=V_. <_|VG|> . (2.46)

The lasttermin (2.45) contains the product of scalar gradien@wiés a diffusive
scalar, the product Ro'2 would be modelled in a similar way asin (2.43). This

will be shown for the thin reaction zones regime where this term will be the most
important destruction term that limits reaction zone fluctuations. In [2.16] an
approximation for the sum of both destruction terms is derived which is valid in
both the corrugated flamelet regime and the thin reaction zones regime

G+%, = c{@ (2.47)
wherecs = 2.0.

The last terms on the l.h.s of (2.37) and (2.38) are turbulent transport terms
that also need to be modelled. A classical gradient transport approximation cannot
be used for these terms, because this would lead to elliptic equatio® dod
G’2. If one wants to obtain an equation fGrthat is consistent with the parabolic
form of the equation foG the termV - v'G”2 in (2.38) should be modelled as a
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curvature term. In fact, a transformation similar to (2.32) shows that the second
order elliptic operator, that would result from a gradient flux approximation, can
be splitinto a second order normal derivative and a curvature term

V(D;VG) =n-V(Din-VG) — Dik(G)|VG] . (2.48)

Here D, is the turbulent diffusivity andc(G) is defined as in (2.32) but with

G instead ofG. Since diffusion normal to th&-isoline is not present in the
instantaneou&-equation, it cannot appear in the equation@®rIn a model for

high intensity turbulence, the curvature term in (2.37) may therefore be combined
with the turbulent transport term as

—Drxo —V-VG = —(D.+ D)k(G)|VG] . (2.49)

The inclusion of this term in the equation fGr avoids the formation of cusps of
the mean flame front.

The turbulent transport term in the variance equation must also be modelled
as a curvature term. Equation (2.45) suggests that there is also a contribution
proportional toD,. Therefore, combining these two curvature terms in a similar
way as in (2.49) one obtains

— D k"[VG| = V- (VG?) = —(D; + D)k (G?)|VG? (2.50)

wherei (G?) is defined as in (2.32) but with the varian&® instead ofG. For
the turbulent production term classical gradient transport modelling is appropriate
since second order derivatives are not involved

—VvG -VG = D; (VG)2. (2.51)

Finally, the last term in (2.37), presenting the effect of local strain on the flame
surface may be interpreted as a stretch term. Numerical simulations by Ashurst
[2.17] show that the strain is statistically independent ahd that the mean strain

n- Vv . non the flame surface is always negative. When this term, dividefidy

is plotted oven’/s? it is seen to be linear and independentdtf. Fig. 2.9). This

leads to the closure model

— L
—Ln-Vv-no = b3zv’6 (2.52)
wherebs = 1.3 with the integral length scale defined as
¢ =03%"3/¢ (2.53)

and the r.m.s velocity fluctuations as

v =,/2/3K. (2.54)
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Figure 2.9: Results of numerical simulation of the strain rate term.

We will combine the first and the last term on the I.h.s of (2.37) as

%65 +LNn-VVv-no =sr|VG| (2.55)
where Ly
s =% (1 _ bg—”—0> (2.56)

is the turbulent burning velocity. Fof/¢ — O this is equal to (2.35). With all
these closure assumptions we may write the equatiors fandG2 as

G _ _ _
EJrv-vc;:—(@LJF DOk (G)|VG| + sr|VG] , (2.57)
[ _ -
m +V-VG2 = —(D;+ D) (G?2)|VG?2| 4+ 2D(VG)? — CSEG’Z . (2.58)

The only quantity that still needs to be determined is the flame surface area ratio
0. The scaling relation (2.43) together with the definition (2.39) for the kinematic
restoration shows that for large turbulent Reynolds numbers the laminar burning
velocity s? plays a similar role in the kinematic restorati@nas the viscosity

plays in the dissipatiod. In this limit both,w ande, are to be modelled in terms of
guantities defined at the integral scales. Therefore the variance equation becomes
independent of? as the turbulent kinetic energy equation becomes independent
of v. This also indicates that the tersfio in (2.57) should be independent sff

in the large Reynolds number limit. Introducing an artificial dimensiordpsay
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g, one finds thab has the dimensior?(s ando the dimension g/m. Dimensional
analysis then suggests that

g \Y? & v/
s (E5\ L Egrue LV Gave 259
05 (kw> “Gy~ LGP (2.59)

With these closure assumptions one may readily calculate the turbulent burning
velocity of a one-dimensional unsteady planar flame. Since the varaAde a
property of the entire turbulent flame and does not vary across the flame brush,
it is appropriate to assign zero gradient boundary conditions on both sides of
the flame brush. Then the gradieviG’2 normal to the flame vanishes. If the
turbulence quantitieB;, k andz are constant, the gradieWG2 in the convective

term also does not change in tangential direction and therefore disappears entirely.
Furthermore, in interpretinG as a distance function for the turbulent flarfeG|

is equal to unity in the production term and since the flame is planar the curvature
term vanishes in (2.56). Using (1.14), (2.53) and (2.54) and a turbulent Schmidt
number Sc= v /D; = 0.7 one obtains for the turbulent diffusivity

D, = 0.78v'¢ . (2.60)
Likewise we may replacg/k in (2.58) by

¢ —o0247% (2.61)
k 14

wherek/é = t which is the integral time scale. The variance equation is then
written in terms of the non-dimensional timgr with ¢ = 2 as

G2
=6.32¢2 - 2G". (2.62)
a(t/7)
This has the solution
G2 = b3 62[1 - exp(—2t/7)] + GZ exp(—2t/7) (2.63)

whereb, = +/3.16 = 1.78. HereG"2 = ng is the initial value at = 0. This may
be set equal té2, if one assumes the flame to start as a plane laminar flame.

The quantity(G/Z)l/Z/@| may be interpreted as the turbulent flame brush
thickness/g ;. In the IimitG’z/E2 — 0 this quantity would evolve as

( /2)1/2

VG
This shows that for large times the turbulent flame brush thickness is proportional
to the integral length scale. Equation (2.63) may be inserted into (2.59) to write

= by ¢[1 — exp(—2t /7)]¥? (2.64)

et =

/2

1/2
316£2 exp(— 2t/r)i| . (2.65)

06 = by’ [1 —exp(—2t/7) + ——
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Figure 2.10: Time evolution of the turbulent flame brush thickness and the turbulent
burning velocity.

This may be introduced into the expression (2.56) for the turbulent burning velocity
sr. One obtains in the limi6}?/¢2 — 0

st = b v'[1 — exp(—2t/1)] 2 (1 — b%%) . (2.66)

This reaches for large timégr — oo and forL/¢ — O the steady state limit
St =bt (267)

which is equivalent to Dandtiler’'s expression (2.1) for large scale turbulence.
The modelling constart; may be determined by the slope in the burning velocity
diagram and lies between 1.0 and 2.0. The term in square brackets in (2.64) and
(2.66) is plotted in Fig. 2.10 showing that the steady state condition is approached
rather rapidly.

We may conclude that, apart from unsteady effects, modelling of the kinematic
G-equation for high Reynolds number turbulence leads to well-known results,
namely that the flame brush thickness is proportional to the integral length scale
and that the turbulent burning velocity is proportional to the turbulent intensity.
These findings are reassuring but they do not explain the “bending” of the turbulent
burning velocity when the ratisy /s is plotted as a function af /s, as shown in
Fig. 2.6. As discussed in the beginning of this lecture this bending was found in
many experimental situations. In order to understand the bending effect we will
extend the level set approach to the thin reaction zones regime.
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2.6 The Level-Set-Approach for the Diffusive
G-Equation

We will consider a flame which contains a single reaction zone—which may con-
tain several reaction layers—that separates the preheat zone from the post-flame
equilibrium layers. The most upstream of these reaction layers adjacent to the
preheat zone will be called the inner layer. We will furthermore assume that the
binary diffusion approximation is valid and that the diffusivities of fuel, oxidizer
and temperature differ only by a small amount. We want to derive an equation
for the propagation velocitgix/dt of the thin reaction zone similar to (2.21). For
that purpose we must define the location of the inner layer by specifying either
concentrations or reaction rates in that zone. Since we do not intend to resolve the
thin reaction zone we do not need to specify the chemistry. Asymptotic analyses
[2.18] show that for lean, stoichiometric and slightly rich flames the fuel is the
deficient species which disappears completely in the inner layer. Although the
asymptotic analysis for very rich flames with realistic chemistry has not yet been
performed, one may expect that in that case oxygen is the deficient species and
disappears in the inner layer. We define the location of the reaction zone by the
iso-scalar surface of either the fuel mass fractf@ror the oxygen mass fraction

Yo, inthe limit Yg — 0 or Yo, — 0, respectively. We denote the mass fraction of
the deficient species By and consider its balance equation

Y
,0<E+V-VY> — V. (pDVY) +m (2.68)

whereD is its diffusion coefficient andn its chemical source term. Similar to
(2.23) the iso-scalar surfad&x, t) = Yo must satisfy the condition

—-0. (2.69)

Y=Yy

oY dx

4+ VY. —
TRAAS
ReplacingdY/at from (2.68) this leads to

dx‘ _y_ [V DVY) +m
Y:Yo_ 0

== 2.7
dt o|VY| (2.70)

Here the term in square brackets is the displacement speed of the thin reaction
zone. For diffusive scalars (2.70) was first derived in [2.19]. The normal vector
on the iso-concentration surface is defined as

VY

We want to derive &-equation that describes the location of the thin reaction
zones such that the iso-surfatéx, t) = Y, coincides with the iso-surface defined
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by G(x, t) = Gg. Then the normal vector defined by (2.71) is equal to that defined

by (2.22) and also points towards the unburnt mixture. Using (2.22) and (2.24)

together with (2.70) leads to
E—FV-VG:— V- (pDVY) +m
ot pIVY]

The diffusive term appearing on the r.h.s of (2.72) may be split in a similar way as

in (2.32) into one term accounting curvature and another for diffusion normal to

the iso-surface

V. (pDVY) = pD|VY|V-n+n-V(pDn-VY) (2.73)

where the definition (2.71) has been used. When (2.73) is introduced into (2.72)
it can be written as

3G
5o TV VG = —Dk|VG| + (Vo + V)| VG . (2.74)

Herex may be expressed by (2.32) in terms of Gdield. The quantitiey/, and
V, are contributions due to normal diffusion and reaction to the displacement speed
of the thin reaction zone and are defined as
n-vVpDn-VY)
PIVY]

m

Vi AR (2.76)

In a steady, unstretched planar laminar flame the s anhdV, would be equal to

the laminar burning velocitg’. Here, however, the unsteady mixing and diffusion

of all chemical species and the temperature in the regions ahead of the thin reaction
zone will influence the local displacement speed. Therefore the sinaidV,

cannot be prescribed, but is a fluctuating quantity, that coupleGtbgquation to

the solution of the balance equations of the reactive scalars. There is reason to
expect, however, that the sumgf andV; is of the same order of magnitude as

the laminar burning velocitg’.

Furthermore, in the thin reaction zones regime the last term in (2.74) is small
compared to the other terms. This can be shown by normalizing the independent
quantities and the curvature in this equation with respect to Kolmogorov length
and time scales

} VG| . (2.72)
0

V, , (2.75)

t = t/t,, %, = , =123
a X:x Xe /M 2.77)
K = nx, V = nVv.
Usingn?/t, = v one obtains
3G v-VG D. . Vo4 Vi
— + = ——R|VG|+ n T LIVG] . (2.78)
ot v, % 0
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Since Kolmogorov eddies can perturb the flow field that acts orGttield, all
derivatives, the curvature and the velocity ratigv, are typically of order unity.

It was assumed thd& /v is also of order unity. However, in the thin reaction zones
regime the Karlovitz number is larger than unity and thereby, due to (1.45)

v, > S ~ Vo + V, (2.79)

indicating that the last term in (2.78) will be small.

In order to be able to analyze the properties of (2.74), we replace the sum of
V, andV; by their statistical mean value, which we denotespyand consider in
the following as a model equation for the thin reaction zone regime

0G

which will be called the diffusiveG-equation. This equation is very similar to
(2.33), which was derived for the corrugated flamelet regime. An important dif-
ference, apart from the difference betweemnds;, is the difference betweed,

and D and the disappearance of the strain term in (2.80) as compared to (2.33).
The Markstein diffusivityD,, although of the same order of magnitude s

may even be negative if the Lewis number is sufficiently smaller than unity as can
be seen from (2.31). In an analytical study of the response of one-dimensional
constant density flames to time-dependent stretch and curvature, Joulin [2.20] has
shown that for high frequency perturbations the effect of strain disappears en-
tirely and Lewis-number effects on the Markstein length also disappear such that
D, approache®. This analysis was based on one-step large activation energy
asymptotics with the assumption of a single thin reaction zone. It suggests that
(2.80) could also have been derived from (2.33) for the limit of high frequency
perturbations of the chemically inert structure surrounding the thin reaction zone.
This strongly supports the physical picture derived for the thin reaction zones
regime.

Based on (2.80) equations for the me@rand the varianc&? are readily
derived. Modelling of these equations is very similar to that performed for the
kinematicG-equation and (2.57) and (2.58) remain unchanged. The only funda-
mental difference concerns the scalar dissipation which now is basBdratiher
thanD,. The scalar dissipation is then the dominating destruction term in the
variance equation, while the kinematic restoration baseg’as small. This is
shown rigorously in [2.16]. The derivation is again based on the scalar spectrum
function for two-point correlations db. But as it is shown in Fig. 1.7, the Gibson
scale is smaller than the Obukhov-Corrsin scale

1/4
o= (2)". 2o

Therefore the range with slope -2 in Fig. 2.8 disappearséans the relevant
cut-off scale. The closure relation for the scalar dissipation is similar to that in
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(2.43) for the kinematic restoration
x = 2Do” = CXE@ (2.82)

with ¢, = 1.62. Now the kinematic restoration is small, but the sum of both
destruction terms may also be approximated by (2.47).

An important consequence of (2.82) is, however, that the scalirig dhat
is presented by (2.59) for the corrugated flamelets regime is different for the dis-
tributed reaction zones regime. Dimensional analysis now leads to

5 G7
5—2~E . (2.83)

This also has important consequences for the scaling of the turbulent burning
velocity. The result for the variance given by (2.63) remains unchanged since the
modelled variance equation is the same for both regimes. However, when (2.63) is
introduced into (2.83) and (2.60) and (2.61) are combined to expy&sa terms

of D;/¢? one obtains

,2

1/4
G
& = by(D;/D)¥? [1 —exp(—2t/7) + 3.1852 exp(—2t/1:):| . (2.84)

Using (2.35) this reduces for large times to the steady state limit

St D
3= bLh/Bt (2.85)

which, with b, = 1, is equal to Daméifiler's expression (2.9) for small scale
turbulence.

This surprising result which is based on simple scaling arguments needs a
further physical explication. As noted below (2.9), Davhl€ér had implicitly
assumed that the chemical time scale is not affected by turbulence in the small
scale turbulence limit. This assumption was difficult to accept if one follows
the arguments on the modelling difficulties of the turbulent mean reaction rate
in lecture 1. However, the physical picture in the thin reaction zones regime is
based on turbulent eddies that enter into the chemically inert preheat zone, not
into the reaction zone. Therefore they affect the chemical reaction only indirectly
by controlling the diffusion processes into that zone. Dahi&’s assumption
therefore defines the upper limit for the thin reaction zone regime which was given
by n = ¢5 in the combustion diagram in Fig. 1.3.
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2.7 A Model Equation for the Flame Surface Area
Ratio for Both Regimes

In this paragraph we want to derive a model equation for the quantity| VG|
which, according to (2.35) may be interpreted as the flame surface ratio. By
applying theV-operator to both sides of (2.80) and multiplying it withh =
VG/|VG| one obtains an equation for

9
a—‘: +V-Vo = —n-V-no + (ko + V2G) — D[V - (kVG) + 2] . (2.86)

Here the terms proportional 10 are a result of the transformation
n-Vko)=—-VG.Vk —«kV?’G — k% = -V -«VG) —«k’c . (2.87)

As in the variance equation the term containing the laminar burning velocity is
important in the corrugated flamelet regime only. Therefore we have repdced

by s°. The first term on the r.h.s of (2.86) accounts for straining by the flow field.

It will lead to a production of flame surface ratio. The second term is proportional
to s? and will have the same effect as the kinematic restoration has on the variance
G2. The last term is proportional tB and its effect will be similar to that of
scalar dissipation 06'2. Since closure relations for these terms cannot be derived
in a systematic way as for those in the variance equation we place ourselves in
the context of two-equation modelling based on the constant density analogue to
equations (1.15) and (1.16) for the turbulent kinetic enérggd the dissipatioa.

With the scaling relations betweérandz /k obtained in both regimes, namely
(2.59) and (2.83), we are now able to derive model equations fior the two
regimes. We will start with the corrugated flamelet regime and will use (2.59) to
derive a differential relation betwe@nandéz, k andG2 as

07 _di _dk 1467

s & k 2g2°

(2.88)

Combining the constant density analogues of (1.15) and (1.16) with (2.58) one
obtains an equation far of the form

0 | v vs _ s (—v,vp) 97, _
W-FV.VO' = —Dtk(O')|VO'|+(C£1—1) K @O’
—vG - VG Cs & _ »
—_— —(Cr— 14+ )= additional terms.
o2 (Ce2 + 2)k6 + ( 13

(2.89)
Inthis equationthe terms onthel.h.s. representthe unsteady change and convection
of o by the mean velocity field. The first term on the r.h.s. describes the turbulent
transport ofa, which in the spirit of (2.48) and the discussion thereafter was
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modelled as a curvature term. Hekéy) is defined as in (2.32) but with instead

of G. The second term represents the production of the flame surface area ratio by
mean velocity gradients and the third term by local turbulent fluctuations. The last
term accounts for the destruction of the flame surface ratio by kinematic restoration.
The additional terms originate from the curvature term in (2.58) and the turbulent
transport terms in (1.15) and (1.16) and contain the squares of derivatigek of
andG’2. It is common practice in turbulence modelling to interpret the squares
of derivatives of mean quantities as dissipation terms and to subsume them within
the last term in (2.89). This term may be cast into a form proportions} toy
replacingg/k using (2.59) as

0 o

- (GR)2

~

(2.90)

x| ™l

In the corrugated flamelet regime the model equation for the total flame surface
density then reads

(—v,Vp) 97y
—0

%_?_'_v,vo'- = —DtR(6)|V5|+CO Kk 8X5 (2 91)
D(VG). 5 |
+ C———0 —C—
G/z (G/Z)l/z

wherecy = ¢,; — 1 = 0.44. In the turbulent production term we have used (2.51).
A similar approach can be taken in the thin reaction zones regime where now
the scalar dissipatioR is the main term responsible for reducing fluctuations of
the reaction zone. Using (2.83) this leads to the differential form
= ey 2
ZdTO = ﬁ — d—_k + di (2.92)
o € k G2

rather than (2.88). We then obtain a similar equation as (2.89), except with a factor
2 in front of the turbulent production term aegdreplacingcs/2 in the last term.
In the last term, however, we now use (2.83) to repitteas

g Do?
R G/Z ’

(2.93)

Therefore, in the thin reaction zones regime an equation similar to (2.91) can be
derived, namely

> . —v},vg) 37,
a—"+v-v5 = —Dtk(6)|V6|+co( f‘ﬂ)—‘
ot k 9x
_ ) p (2.94)
Di(VG)? _ Ds3
4+ 2——0 —C3 .
G/Z G/Z
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The last term in (2.94) being proportionaldd differs from (2.91) where the last
term was proportional t&2. This shows a fundamental difference between the
two regimes.

At this point we may take guidance from (2.86) which, after averaging, contains
source terms proportional & and toD. Therefore the last terms in (2.91) and
(2.94) are assumed to be additive, the former accounting for flame surface area
ratio destruction in the corrugated flamelet regime and the latter in the thin reaction
zones regime. A model equation f@rthat covers both regimes would therefore
read

35 o o M Lreos (—vyvp) O, _ Di(VG)?_
BV VG = —DK@IVI| + e ot
sVo? Do3
— Cr— — C3— .
(G/2)1/2 G/Z
(2.95)

The last three terms in this equation represent the turbulent production, the kine-
matic restoration and the scalar dissipation of the flame surface area ratio, respec-
tively, and correspond to the three terms on the r.h.s of (2.86). A consthat

been introduced for a model of the production term that would be valid in both
regimes.

We now want to fix the constants, ¢, andc; in Eq. 2.95 at least tentatively.
Existing collections and burning velocity data [2.21], [2.3] provide some guidance,
but it must be recognized that in many experiments quantitative information about
length scales is missing. Also, in interpreting many experimental data the burning
velocity was assumed to have reached its steady state while it was still developing.
The effect of mean velocity gradients on the development of the total flame surface
density has hardly ever been taken into account.

For simplicity we will consider the case of isotropic fully developed turbu-
lence and a fully developed turbulent flame in the limit of large tiryes This
corresponds to the limit of turbulent production of flame surface area ratio equals
kinematic restoration and scalar dissipation in (2.95) as

D _ s _, D _,

5 — G052 — Caz 0" = 0. (2.96)

“p2 I;
F.t F.t F.t

Here the variance has been replaced by the turbulent flame brush thickness using
(2.63) and VG| has been set equal to unity as before. In the corrugated flamelet
regime the last term in (2.96) may be neglected. The turbulent diffusivity is
expressed by (2.60) as a function@fand¢. Then it follows from (2.64) for

t/t — oo thatlr; = by¢ and therefore

Coby 805 =0.78¢c1v’ . (2.97)

Experimental data for fully developed flames suggest that the turbulent burning
velocity is approximatelygr = 2.0v’ in the large scale turbulence limit [2.21]. It
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follows thate = 2.0v'/s? and therefore
Co b2 = 0.39¢; . (298)

Similarly, for the thin reaction zones regime the second term in (2.96) may be
neglected. We use (2.9) which Daotkér believed to be exact to obtain

C3=2¢C;. (299)

In order to define the laminar flame thickness unambiguously in the present context
we set
D= . (2.100)

Then the limit where production equals kinematic restoration and scalar dissipation
leads to a quadratic equation

¢ v
52+4039—& — 078 =0 (2.101)
as SLEF
with the solution
0.39 ¢ 0.39 ¢ \? V'l
5 _— 2 b 0.78 . 2.102
? 2 {¢ +\/< 2 E|:> + S(L)EF ( )

This equation satisfies the limitg¢r — oo corresponding t& = 1.5v'/s? for

the corrugated flamelet regime aft- — 0 corresponding to = (D;/D)/?

for the thin reaction zones regime. Since the equation for the flame surface area
ratio was derived for the limit of large turbulent Reynolds numbers (2.102) does
not cover the laminar limig& = 1 forv' — 0, ¢ — 0. In order to obtain an
expression similar to (2.11), it is proposed to replace (2.56) by

L /
ss=+6 (1— b Z%) . (2.103)

In Fig. 2.11 the ratio of the turbulent to the laminar burning velocity has been
plotted using (2.103) fo£ = 0 and for constant length scale ratios ranging from
1 to 100. A constant length scale ratio is typical for experiments at constant
pressure with a fixed geometry. Fig. 2.11 then shows the “bending” behaviour of
the turbulent burning velocity as/s? increases. It corresponds to the deviation
from the straight linesy = s? + 2.0v’ and leads to smaller values sf/s? for
small length scale ratios.
There remains the problem of assigning a value to the constarfsince after
averaging the mean strain term in (2.86) is identical to that in (2.37) one may use
the closure (2.52) derived by direct numerical simulations. This leads with (2.60)
to

c1 = 1.3b5/0.547=5.261. (2.104)
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Figure 2.11 Ratio of the turbulert to the lamina burning velocity as afunction of
v'/s? for differert lengh scak ratios.

For strorg shea flows one may now also assune production equas dissipatian in
the turbulent kinetic enegy equatia (1.15) Using (2.61) the production term due
to velocity gradiens may then be expressd as

%E& - 0.109%51/f (2.105)

showing that production by mean gradiens is of minor importan@ compare to
production by strain.

2.8 Derivation of an Equation for theMean Progress
Variable

Numericd solutiors of the G-equatio presen certan difficulties The location
defina by G(x,t) = G is the location of the mean flame front. SinceG is
interpretel as adistan@ function, initial conditiors shout satisfy the equation

VG| =1 (2.106)
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for G # Gq. For instance, if flame propagation starting from a spherical spark of
radiusRy is to be calculated, initiah iso-lines would correspond to spherical shells
around the spark witle — Gy = Ry — r wherer is the radial distance from the
center of the spark. As the calculation proceeds, it may be necessary to re-initialize
the G-field outsideG = Gq such that it satisfies (2.106). A numerical procedure
for doing this is given in [2.9] where it is proposed to solve the time-dependent
equation for re-initialization
a9 L=

ot = sign(G(x,t) — Go)(1— |Vg)) (2.107)
starting fromg(x, t = to) = G(x, t) until the stationary final solutiog..(X) is
reached. Then the solutid®(x, t) is set equal t@..(X) for G # Gg such that it
satisfies (2.106) while it remains unchange@at G,. This numerical process is
time-consuming. Therefore it would be useful to find an alternative to determine
the location of the mean flame front.

Classical models of premixed turbulent combustion are based on the mean
progress variablé rather than the mean distance funct®nStarting from (2.29)
an equation for the mean progress variable can be derived using the same closure
assumption that led to (2.57)

aC _ - _
rm +Vv-VC=—(D,+ Dy)k(C)|VC| + sr|VC| . (2.108)

An iso-surface of, say(x, t) = 0.5 then would represent the location of the mean
flame frontx = xg. This equation, however, bears no advantage over (2.57).
In fact, numerical diffusion will decrease the gradi¢wt| in the last term of
(2.108) which in turn will decrease the convective term. This will quickly lead to
a spreading of the region whetds between 0 and 1 which is inconsistent with
the physical interpretation af(x) as the probability of finding burnt gas at the
locationx. Therefore, if an equation faris preferred for numerical calculations,
the particular character of the Eikonal term in (2.108) must be examined. A more
fundamental derivation of the equation for the progress variable starts from the
transport equation for the pd (G, x) [2.22]. Following [2.22] one may derive
from (2.33) an equation similar to (1.24) by interpreting the eikonal &wmand
the strain term as source terms and the curvature term as a transport term. The
resulting pdf transport equation will then read
P LY. VP + .9 (< |VG|>e P} + L2 {<n-VV-no >¢ P}
ot LaG G G G
+ (Dz+ Dok(P)|[VP|=0.

(2.109)
Here, in the spirit of (2.48) and (2.49) we have combined the turbulent transport
term and the curvature term into a mean curvature term. The quartites| >g
and< n-Vv-no >¢ are conditional ensemble averages. An equatio foay
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now be derived by multiplying (2.109) by and integrating fronG = —oo to
G = oo. Here it should be taken into account tkha$ a random variable that does
not depend om andx in (2.109). Then, since

+00
c(x) =/ c(G)P(G, x)dG (2.110)
one obtains
ac -
a+v-Vc: — (Dg+ Dyk(©)| Ve
+o00
+ SE/ 8(G — Gp) < |VG| >¢ PdG (2.111)

+00
+ L/ 3(G—Gg) <n-Vv-no >g PdG.

o0

Here, (2.27) has been taken into account and partial integration was performed in
order to obtain the last two terms on the r.h.s of (2.111). The delta function in these
integrals makes them equal to the values of the integrafl-atG,. Therefore,

we obtain the following equation for the mean progress variable

ac
ot

Here the turbulent burning velocity was identified in agreement with (2.56) as

+V-VC=—(D,+ D)K(©)|VE| + s P(G = G, X) . (2.112)

L /
st =5 < |VG| >g_g, +L < N-VV-No >g_g,= ' (1— bgz:—o
"(2.113)
Equation (2.112) is very similar to (2.108) except for the last term which now
contains the conditional pdf & = Go. The pdfP(G = Gy, X) is a function ofx

only. This may be shown if one assumes, for instance, a Gaussian function for the

pdf of G
Y
exp (—@> (2.114)

P(G,x) = o7

1
V21 G2
whereG andG2 are functions ok. Then, ifG is interpreted as a distance function,
it may be expressed as

GX,t) —Gy=x+ F(y,z1) (2.115)

wherex measures the distance normal to the mean flame positisn=a0 and
y andz are coordinates in tangential direction. TherefBig, z, t) describes the
fluctuation around the mean flame position. Taking the mean of (2.115) leads to

G- Gp=x (2.116)
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Figure 2.12: Probability density function of normal flame front fluctuations.

sinceF = 0. Then forG = G,
G-G=F=—x. (2.117)

Inserting this into (2.114) leads to

P(G=GgX)=PX) =

X2
exp| — . 2.118
p( ZG/2> ( )

1
V2n G2

The varianceG? does not vary in normal direction = n - (x — xg) within the
flame brush but it may vary in tangential direction.

Closure of (2.112) therefore uses the preassumedPgsj which then is a
function of the coordinate normal to the flame brusand the varianc&.

In Fig. 2.12 the Gaussian pdf is compared with experimental data from flame
front fluctuations obtained by Mie-scattering in a transparent spark ignition engine.
Details may be found in [2.23] and [2.24]. It is seen that the Gaussian pdf fits the
data quite well.

It should be noted that (2.112) has a non-local character since the variance must
be evaluated at the location of the mean flame froatxg. Therefore, expansion
effects that would modify the flow field ahead and behind the flame front will have
no influence on the flame propagation mechanism.
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Lecture 3

Non-Premixed Turbulent
Combustion

A process where the mixing of fuel and oxidizer occurs simultaneously with com-
bustion is called non-premixed combustion. Typical examples are fires and com-
bustion in furnaces and in Diesel engines. Asitwas noted in lecture 1, combustion
is nearly always fast compared to molecular mixing and therefore takes place in
layers that are much thinner than the typical scales of turbulence. Under these
conditions the flamelet concept for non-premixed combustion is applicable. This
concept has been presented in previous reviews [3.1], [3.2]. For the case of a one-
step reaction it may be viewed as a non-equilibrium derivation from the classical
Burke-Schumann limit. However, the concept is much more general and may be
used with detailed chemistry and for cases far from equilibrium. We will base this
lecture essentially on the flamelet approach.

A very important quantity for the theory of non-premixed combustion is the
mixture fractionZ which plays a similar role as the distance funct®rdoes in
premixed combustion. Therefore, before going into the description of current mod-
elling approaches we will present the mixture fraction as an independent coordinate
of the Burke-Schumann solution.

3.1 The Mixture Fraction Coordinate and
the Burke-Schumann Solution

The definition of the mixture fraction is best derived for a homogeneous system
in the absence of diffusion. Then, by writing the global reaction equation for
complete combustion of a hydrocarbon fuel, for instance, as

v F 415,02 — v¢p, COs + vy} o H20
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one defines the stoichiometric coefficientandvg,. The reaction equation relates
to each other the changes of mass fraction of oxyjés) and fueld Y by
dYo,  d¥
1)62W02 V{:WF

(3.1)

whereW; is the molecular weight. For a homogeneous system this equation may
be integrated to
vYF _— Y02 = UYF,U - Yoz’u N (3.2)

wherev = vg, Wo,/veWe is the stoichiometric oxidizer-to-fuel mass ratio and
the subscripu denotes the initial conditions in the unburnt mixture. The mass
fractionsYg and Yo, correspond to any state of combustion between the unburnt
and the burnt state. If the diffusivities of fuel and oxidizer are equal, (3.2) can also
be used for spatially non-homogeneous systems such as diffusion flames.

In a two-feed system, subscript 1 denotes the fuel stream with mass;faxd
subscript 2 denotes the oxidizer stream with masstitgxnto the system. Then
the mixture fraction is defined as the local mass fraction of all elements within the
mixture originating from the fuel feed

z7=_"™M (3.3)
my + m;

Both fuel and oxidizer streams may contain inerts such as nitrogen. The local mass
fraction Yg, of the fuel is the same fraction as in the original fuel stream, so

Yeu=Ye1Z, (3.4)

whereYg ; denotes the mass fraction of fuel in the fuel stream. Similarly, since
1 — Z represents the mass fraction of the oxidizer stream locally in the unburnt
mixture, one obtains for the local mass fraction of oxygen

Yo,u = Yo,2(1—2), (3.5)

whereYy, , represents the mass fraction of oxygen in the oxidizer stréam &
0.232 for air). Introducing (3.4) and (3.5) into (3.2) one obtains for the mixture
fraction at any state of combustion

UY|: — YO2 + Y02,2

Z = . 3.6
VYe1+ Yo,.2 (36)

Since a stoichiometric mixture is defined bYr = Yo, the stoichiometric mixture
fraction is

-1
VY 1] (3.7)

Y02,2
For pure fuels(Yg 1 = 1) mixed with air the stoichiometric mixture fraction is,
for instance 0.0284 for § 0.055 for CH, 0.0635 for GH,4, 0.0601 for GHg and
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0.072 for GH,. This indicates that typically 20 times the mass of air, compared
to the fuel, is needed to obtain a stoichiometric mixture.

The mixture fraction is a quantity that is conserved during combustion. It can
be related to the fuel-air equivalence ratio which is defined as the fuel-to-air ratio
in the unburnt mixture normalized by that of a stoichiometric mixture

Yeu/ Yo,.u v YEu

= = . 3.8
¢ (YF,u/YOZ,u)st YOz,u ( )
Introducing (3.4) and (3.5) into (3.8) leads to
Z (1-Zy
¢ = 17 7. (3.9)

In the limit of infinitely fast chemistry the reaction zone is an infinitely thin layer
atZ = Zg. Outside of this layer the temperature is a piecewise linear function of
Z. When the profiles of temperature and mass fractions are plotted as a function
of mixture fraction, one obtains the Burke-Schumann solution.

(—AH)Ye,

T(Z2) = Tu(2)+ W Z, Z<Zg
—AH)Y,

T@ = T+ T4 Y027y 7.7, (3.10)
CpVo, Wo,

TwW(Z) = TLh+Z(Ti—Ty).

The quantity(—AH) may be identified as the heat of reaction, since the reaction
enthalpyAH is negative for exothermic reactions. Both,AH) and the specific
heatc, have been assumed to be constant. The maximum temperaifire &l

is obtained from (3.10) as

(—AH)YE:1
(—AH)Yo.
va/OZWOZ

Tst = Tu(zst) + Zst

(3.11)

= Tu(zst) + (1 - Zst)

The mass fractions of the reactants are also piecewise linear functi@ns of

Z
YOz - Y02,2 (1 - Z_> ) Z E ZSt

st

(3.12)

Ye = Yr1 Z>Zg.

The mass fractions of product species may be written similarly. The Burke-
Schumann solution is shown in Fig. 3.1.
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Figure 3.1: The Burke-Schumann solution as a function of mixture fraction.

3.2 Flamelet Structure of a Diffusion Flame

Different from previous formulations we will interpr&tsimilar toG as a variable
that fixes the location of the thin reaction zone, namely at

Z(x, 1) = Zg . (3.13)

We do not explicitly relateZ to any combinations of mass fractions, but define it
as the solution of a convective diffusive equation

9Z
pmr +pV-VZ =V (pDVZ) (3.14)

which has no chemical source term. The diffusion coeffic2nh this equation
is in principle arbitrary, but it is convenient to set it equal to the thermal diffusivity

D=—=Dr. (3.15)
PCp
Here X is the thermal conductivity. Independent of (3.14) the reactive-diffusive
structure of the flamelet is determined by the equations for the

mass fraction¥;

aY, 1 .
pa_t'_|_pv.VYi:EV-(,ODTVYi)+mi (i=212...,n) (3.16)
i
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Figure 3.2: Surface of stoichiometric mixture in a turbulent jet.

and the temperature

oT s ap
Cp— CoV-VT =V . (pc,D;VT) — h; m; —. 3.17
,Opat + pCp (pCpDTVT) ; i |+qR+8t ( )

In these equation®; denotes the chemical source term of speicimzdzi”:1 h; m;
the heat release rate. We have assumed the Lewis numbers for all species

» Dy

Le =
PCp D; D;

(i=12...,n) (3.18)

to be constant. In the temperature equation the low Mach number limit leading
to zero spatial pressure gradients has been employed, but the temporal pressure
changedp/at has been retained. The heat capaciys assumed to be constant
for simplicity. Finally, gz denotes the heat loss due to radiation which in many
cases can be calculated by using the thin gas approximation.

We assume the mixture fractiah to be given in the flow field as a function
of space and time by solution of (3.14). Then the surface of the stoichiometric
mixture can be determined from (3.13). This is shown schematically in Fig. 3.2
for a turbulent jet flame. Fuel and oxidizer interdiffuse at the lip of the nozzle.
The surface of stoichiometric mixture starts there and is highly convoluted by the
turbulent flow.

In turbulent combustion we are not so much interested in the instantaneous
flame location, but in mean quantities. Modelling of (3.14) in a similar way as in
(1.17) and (1.18) leads to the equation for the Favre mean mixture fraction

~

97 ~ ~
P+ V-V =V (5DVZ) . (3.19)

Since the molecular diffusivityD in (3.14) is typically much smaller than the
turbulent diffusivity Dy, it has been neglected in (3.19). Therefore the arbitrariness
of the choice ofD has no influence on the mean mixture fraction and the mean
flame contour given by (x, t) = Zy.

62



In addition to the mean mixture fraction we need an equation for the Favre
varianceZ”? which is modelled by standard procedures as

—~
72

s Y V-VZR2=V. (thVZNNZ)JrzﬁDt(vZ)Z—ﬁz. (3.20)

HereY is the mean scalar dissipation rate, which is defined as
¥ =2D(VZ")? (3.21)

and will be modelled similar to (2.83) as

—_~

Y% (3.22)

x| M

X:Cx

wherec, = 2.0.

Let us locally introduce an orthogonal coordinate syskenx,, xs, t attached
to the surface of stoichiometric mixture as shown in Fig. 3.2, wherpoints
normal to the surfac&(x,,t) = Zg andx, andxsz lie within the surface. We
replace the coordinate by the mixture fractiorZ andx,, x3 andt by Z, = x,
Z3 = xzandt = t. By definition the new coordinatg is locally normal to the
surface of stoichiometric mixture. With the transformation rules

Jd _ 0 dZ 0o

F = 9T T otaze

8 _ 9 9z _ 3.23
oXx 3Zk+ Xk 0Z k=23 ( )
8 _ 3Z 9

dX1 ~  9X;0

we obtain the temperature equation in the form

aT aT aT 2. 3(pc,Dr) 8T
C - - - J— -
P "(af +vzazz+”3azg) k; % 9Z«

9°T 2.9z 9°T . 9%T
—pe,Dr | (V22 425 22 7
P T[( 9 T axkazaszrk;azg

9Z oT : op

—+pV-VZ-V-(pDrVZ)iCps ==Y him —.

+{pat +p (pD7 )} Y 2N HOR+ o
(3.24)

A similar form can be derived for the species equations. In the species equations,
however,D; appears instead d+. It is immediately seen that due to (3.14) the

term in braces on the I.h.s drops out in the temperature equation if one assumes
D = Dy, but the corresponding term cannot be neglected in the species equations.

63



If the flamelet is thin in th& direction, an order-of-magnitude analysis shows
that the second derivative with respec#ds the dominating term on the left-hand
side of (3.24). This term must balance the terms on the right-hand side. All other
terms containing spatial derivatives #y and Z; directions can be neglected to
leading order. This is equivalent to the assumption that the temperature derivatives
normal to the flame surface are much larger than those in tangential direction. The
term containing the time derivative is important if the flamelet undergoes rapid
changes, such as ignition or extinction events. It is also necessary to satisfy initial
conditions if those are not equal to the steady state solution. This will be discussed
below.

Neglecting the terms containing derivativeixnandZ; direction, one obtains
the one-dimensional time-dependent temperature equation

8T Xsta T n p
C E h; m; — 3.25
Pt ~ PP 522 = TART (3.29)

This equationis valid in the vicinity of stoichiometric mixture. We have introduced

the quantity
9Z\°
=2D1 | — 3.26
%a (axa) (3.26)

as the instantaneous scalar dissipation rate at stoichiometric conditions. For turbu-
lent non-premixed combustion it must be replaced by a conditional average value
xst. Ithas the dimension 1/s and may be interpreted as the inverse of a characteristic
diffusion time. It may depend onhandZ and acts as a prescribed parameter in
(3.25), representing the flow and the mixture field. As a result of the transforma-
tion, it implicitly incorporates the influence of convection and diffusion normal
to the surface of stoichiometric mixture. In the limit — 0, the temperature
equation for the homogeneous reactor is obtained.

The corresponding equations for the species are similarly

aY; /Y XstazYi
Pt " Le 2 322

02 | N.VZ-V.(pDvzyl (3.27)
Pat TF P az M

The term in braces may be expressed in a more convenient form. Since, by ex-
changing the dependent variables, a second derivadtival x> may be transformed
to (dZ2/dy)/2 with z = dy/dx, we obtain with (3.14) for that term

1 ! !
{(1_E)V<pDTVZ>} - (1_L_a){vz'8_2(pDTVZ)} (3.28)

. 1— 1_i 9P Xst
4 Le /] 8Z
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wherep Dt has been assumed to be constant for simplicity. For the case of non-
unity Lewis numbers the flamelet equations for the chemical species can therefore
be written

1L . (3.29)
Le; 0Z 07

P9t "Lle 2922 4

The last term in this expression accounts for differential diffusion effects. Here
the gradient of the scalar dissipation rate acts as a velocity in mixture fraction
space. However, it should be noted that the assumption of constant Lewis numbers
different from unity conflicts with the requirement that the sum of the diffusion
fluxes should be zero. Therefore, if the binary diffusion approximation is used,
correction terms must be considered that lead to much more complicated expres-
sions than (3.29). Species equations containing those expressions are derived in
[3.3]. These equations should be used to correctly account for differential dif-
fusion effects when flamelet profiles are calculated with the mixture fraction as
independent variable. A procedure to avoid this difficulty is to calculate species
and temperature profiles in physical space, for a counterflow flame for example,
and solve (3.14) simultaneously [3.4]. Then the scalar profiles may be plotted as
a function ofZ.

In [3.5] the counterflow diffusion flame in the stagnation region of a porous
cylinder has been calculated using the four-step reduced mechanism

CH;+2H+H,O = CO+4H,
CO+H,O = CO,+H;
H+H+M = H,+ M

O, +3H, = 2H+2H,0.

oY o xsd, 1(1 1>apxsta_m_

This flow configuration, used by Tsuji and Yamaoka [3.6] has the advantage that
a similarity transformation can be formulated in order to derive a system of one-
dimensional equations.

Temperature and fuel and oxygen mass fractions profiles from numerical sim-
ulation are plotted in Figs. 3.3 and 3.4 as a function of mixture fraction for the
strain rates ol = 100/s anda = 400/s where is the velocity gradient. Here
the mixture fraction was calculated from the chemical species using the definition
[3.7]

2Z¢/Mc + 3Zu/Mu + (Zoo — Zo)/Mo
Z= 1 (3.30)
2Zcr/Mc+ 5Zur/My + Zoo/Mo

whereZ, is the mass fraction of the elemant Z,, ¢ is the mass fraction of the
elemenimin the fuel stream, and,, o is the mass fraction of the elementn the
oxidant stream. The higher value of the strain rate in Figs. 3.3 and 3.4 corresponds
to a condition close to extinction. Itis seen that the temperature in the reaction zone
decreases and the oxygen leakage through the reaction zone increases as extinction
is approached.
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Figure 3.3: Temperature profiles of methane-air diffusion flames for strain rates
of a = 100/s andh = 400/s as a function of mixture fraction.

For the counter-flow geometry, the scalar dissipation rate may be approxi-
mated as a function of mixture fraction diffusivity, assuming constant density and
diffusivity, by

X = ;exp{—Z[erfc‘l(ZZ)]Z} ~ 4az?[erfc (22)]? (3.31)

where erfc? is the inverse of the complementary error function. For example,
(erfc™1(22)) is 1.13 for methane-air flames Zt= 0.055. The second expression
in (3.31) is derived using an approximation of the error function for small values
of Z. It shows thaty is proportional toZ?2 for small Z but it becomes inaccurate
even atZ as small as @5. For a non-constant density profile, which is typical for
diffusion flames, (3.31) was improved to [3.8]

_a3(Va/p )’
4 2pe/p+1

Extinction of a CH-air counter-flow flame occurs approximately at a strain rate of
a = 550/s. With (3.31) this corresponds to a scalar dissipation rate at quenching
conditions ofyq = 13.6/s. Atthese values heat release by chemistry just balances
heat loss by diffusion imposed by the flow. This corresponds to the situation in

x(2)

exp{—z [erfc‘l(ZZ)]z} . (3.32)
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Figure 3.4: Fuel and oxygen mass fractions for strain rates of 100/s and
a = 400/s as a function of mixture fraction.

premixed flames, where the burning velocity is such that heat release in the reaction
zone just balances heat loss by diffusion towards the unburnt mixture.

The flamelet equations may also be used to describe ignition in a non-premixed
system. If fuel and oxidizer are initially at the unburnt temperafly€), as
shown in Fig. 3.1, but sufficiently close to the ignition temperature, heat release
by chemical reactions will lead to a thermal runaway. This auto-ignition process
occurs in Diesel engines, where the air is heated by compression to temperatures
of about 800K. During mixing the scalar dissipation rate decreases until it reaches
the ignition valuey;. For values larger thamp;, heat loss out of the reaction
zone is larger than the heat release by chemical reactions, thereby restricting the
temperature rise and preventing a thermal runaway. This corresponds to a steady
state condition.

The solution of the steadystate flamelet equations is shown schematically in
Fig. 3.5. Here the maximum temperature is plotted as a function of the inverse
of the scalar dissipation rate. The lower branch corresponds to the non-reacting
flamelet prior to ignition. As the scalar dissipation rate is decreased the ignition
point | is reached. For values smaller thgna rapid unsteady transition to the
upper burning branch occurs. If one starts on the burning branch and increases
the dissipation rate moving to the left, one reaches the g@inthere quenching
occurs. This diagram is called the S-shaped curve. The middle branch between
the pointl andQ is unstable and therefore has no physical significance.
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Figure 3.5: The S-shaped curve showing the maximum temperature in a diffusion
flame as a function of the inverse of the scalar dissipation rate at stoichiometric
mixture.

3.3 Diffusion Flamelets in Turbulent Combustion

The flamelet concept views a turbulent diffusion flame as an ensemble of laminar
diffusion flamelets. The main advantage of the flamelet concept is the fact that
chemical time and length scales need not be resolved ina multi-dimensional CFD
code. In addition to the continuity, momentum and energy equations, equations
describing turbulence quantities likeands and thereby the turbulent length and
time scales, the balance equations for the mean mixture fraction (3.19) and the
mixture fraction variance (3.20) need to be solved numerically. The flamelet
structure can be calculated as a function of prescribed parameters by solving the
one-dimensional equations (3.25) and (3.27). These solutions may be available
either in form of steady state flamelet libraries or from an instationary calculation.
The latter is used in the interactive approach [3.10] shown in Fig.3.6, where the
time-dependent parametéfs(t), P(t), Ti(t) = Twe(t) andTo(t) = Tyu(t) are fed
into the flamelet code from the CFD code. Then the flamelet solution provides all
scalars as functions of the mixture fraction at each time step. Mean values of these
scalars may then be obtained by using the presumed pdf approach, R(zeres
calculated from (1.26) for the given valuesfx, t) andZ”2(x, t) and equations
like (1.28) are used to calculate the mean temperature and species mass fractions.
In previous presentations [3.1] the enthalpiias been related to the mixture
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fraction by the coupling relation
h=hy+ Z(hy —hy) . (3.33)

For a general formulation, however, it is preferable to include the enthalpy as an
additional variable modelled by the equation

_oh _ _ 0dh d [_v oh P __

Pt TP 0 T ax (p Praxa) T TR (3.34)
Here Pr is a turbulent Prandtl number. The terms containing the mean spatial
pressure gradient have been neglected in the limit of zero Mach number, when fast
acoustic waves are rapidly homogenizing the pressure field. The term describing
temporal mean pressure chang@gat isimportantin internal combustion engines
operating under non-premixed conditions, such as the Diesel engine. Also the
mean volumetric heat loss term must be retained if radiative heat exchange has an
influence on the local enthalpy balance. This may well be the case in large furnaces
where it influences the prediction of NGormation which is very sensitive to
temperature. Changes of the mean enthalpy may also occur due to heat loss at
the boundaries and due to evaporation of a liquid fuel in a Diesel engine. Under
these conditions the mean enthalpy can no longer be coupled to the mean mixture
fraction by a linear relation analogue to (3.33).

No equation for enthalpy fluctuations is written here. In non-premixed turbu-
lent combustion fluctuations of the enthalpy are mainly due to mixture fraction
fluctuations and are described by those.

In (3.19), (3.20) and (3.34) diffusive terms containing molecular diffusivities
have been neglected as small compared to the turbulent transport terms in the large
Reynolds number limit. Diffusive effects have only been retained in the mean
scalar dissipatiofy which is modelled by (3.22). Effects due to non-unity Lewis
numbers on the mean mixture fraction and its variance are difficult to quantify and
will also be neglected here.

An important additional quantity that needs modelling is the conditional scalar
dissipation raté(s. Equations (3.31) and (3.32) show that there is a dependence
of the scalar dissipation rate on the mixture fraction. Since a CFD code will only
provide the unconditioned average for instance from (3.22), there is a need to
relate s to x by using the information provided by (3.31) and (3.32). We may
express (3.31) in the form

f(2)
x(2) = x(Zs) (2 (3.35)
where f (Z) is the exponential term in (3.31). Then, as suggested by Huitstr”
[3.9] one obtains the average

~ [ 5 1@ 5
X :/ X(Z)P(Z)dZ:X(Zst)/ P(z)dz (3.36)
0 o F(Zs)
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Figure 3.6: Code structure of Representative Interactive Flamelet concept.

which is given by (3.22). Therefore, the scalar dissipation at stoichiometric con-
ditions xst = x (Zs) can be expressed as

5 —
C)(EZ//Z
L 1(2) ~ '
P(z)dz
/o f(Zg &

Since the r.h.s describes averaged quantities, this may be interpreted as the condi-
tional average valugg required in the flamelet equations.

(3.37)

Xst =

3.4 Turbulent Jet Diffusion Flames

Turbulent diffusion flames owe their name to the rate-determining mechanism that
controls the combustion in many applications: laminar and turbulent diffusion. In
technical furnaces, but also in gas turbine combustion chambers fuel and oxidizer
are injected separately. Mixing then occurs essentially by turbulent diffusion. But
only when fuel and oxidizer are mixed at the molecular scales, combustion can
take place.

In many applications fuel enters into the combustion chamber as a turbulent
jet, with or without swirl. To provide an understanding of the basic properties
of jet diffusion flames, we will consider here at first the easiest case, the round
jet flame into still air without buoyancy, for which we can obtain approximate
analytical solutions to determine the flame length of a jet diffusion flame. The
flame length is defined as the distance from the nozzle on the centerline of the
flame to where the mean mixture fraction is equal to the stoichiometric \alue
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The flow configuration and the flame contour of a vertical jet diffusion flame are
shownin Fig. 3.7. We consider a fuel jet issuing from a round nozzle with diameter
d and exit velocityug into quiescent air. The indices 0 anddenote conditions at
the nozzle and in the ambient air, respectively. Later on buoyancy will be included
but then we restrict the analysis to a vertical jet.

With these assumptions we obtain a two-dimensional axisymmetric problem
governed by equations for

Continuity
B 0
— (plr —(por) =0 3.38
8X(p )+ar(pv) , (3.38)
Momentum inx-direction
oa al 0 al
r— or— = — | pir — 3.39
pur—— + pir - a<ptar) (3.39)
Mean mixture fraction
0z __ 37 o [pwrdZ
Gr— _:_ . 3.40
p a+pvar (Scar> ( )

Here Sc is the turbulent Schmidt number. We have introduced the boundary layer
assumption and neglected the viscous stress as compared to the Reynolds stress
component which was modelled as

ad
— u// — _— 341
pUY" = i (3.41)
We will not consider equations férandz or the mixture fraction variance but seek
an approximate solution by introducing a model for the turbulent viscésityhe
system of equations may be reduced by introducing a similarity transformation
[3.11] r
; _
n=—,2=2 [ Lradr, =X+ Xo, (3.42)
; 0 Poo
which contains a density transformation defining the density weighted radial coor-
dinater. The new axial coordinatestarts from the virtual origin of the jet located

atx = —Xg. With the stream function defined by
plr = oy /or , por = —0y/oX (3.43)

the continuity equation (3.38) is satisfied. Introducing the non-dimensional stream
function

F&.n) =v/povtr & (3.44)
one obtains with

U=wkF,/n¢ and pur = —peovir (¢ Fe+F—Fmn (3.45)
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Figure 3.7: Schematic representation of a vertical jet flame into quiescent air.
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in the similarity region of the jet

o (FF,\ _ 0 [. d (F,
_%( n) - 3'7[(:”377(77)] (3.46)

) 3 (C dw
— —(Fo) = —(=n=). 3.47
817( ®) an (Scnan) (3.47)

Herew = Z/ZCL stands for the mixture fraction normalized by that on the cen-
terline.

The basic assumption introduced here is that the Chapman-Rubesin parameter
—2~r2
C— P~V

L A — 3.48
pgovtr r2 ( )

is a constant in the entire jet. The reference eddy viscogity that of a jet with
constant density. It is fitted to experimental data as

Uod
vy = 7%. (3.49)

A similarity solution exists only for a zero free-stream velocity. Then one obtains

F = CyZn%/(1+ (yn)?/d)

(3.50)
w = 1+ (ym?/4)~>°.
The axial velocity profile is then given by
0 2Cy? 2\~
Uio: ’; il <1+ (’/Z) ) (3.51)
where the jet spreading parameter
3.7¢% p
y2= ﬂp—ocz (3.52)

is obtained from the requirement of momentum conservation. The conservation
of the mixture fraction on the centerline gives

~  70(1+2S0 po d

ZcL = 2 o Ct (3.53)
such that the mixture fraction profile is
2\ —2Sc
5 _ 2.19(1+2Sod po 14 (yn) ' (3.54)
X + Xo PocC 4
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The flame length is obtained by settihg= x, r = 0 andZ = Zg

L+X 2191+2S0 po
d B Zst /OooC

. (3.55)

Experimental data by [3.12] suggest that the flame length should scale as

L+X% 53 (,00>1/2
d Zsi \ Pst '

(3.56)

This fixes the turbulent Schmidt number as=S6.71 and the Chapman-Rubesin
parameter as

(popsp™’?
.
This may be introduced into (3.51) and (3.52) to obtain for the centerline velocity

GCL N 6.56d (po>1/2

Pst

C= (3.57)

= 3.58
Up X 4+ Xp ( )

The distance of the virtual origin fromn= 0 may be estimated by settidg, = ug
atx = 0in (3.58) so that

0 1/2
Xo = 6.56d (—") . (3.59)
Pst
Since at the stoichiometric mixture the molecular weight is approximately that of
nitrogen, the density ratipy/ o5t may be estimated as
Po Wo Tst

= — 3.60
Pst WNz TO ( )

With the estimatd; ~ 2000 K for methane this takes the valug pst ~ 3.8. The
flame length may then be calculated wik = 0.055 asL ~ 200d.

3.5 \Vertical Turbulent Jet Diffusion Flames with
Buoyancy Effects

For flames with buoyancy effects a closed form solution of the governing equations
cannot be derived. Here we seek an approximate solution by replacing the velocity
and mixture fraction profiles by top hat profiles (cf. [3.13])

4,2 forr <bx) ;

0 forr > b(x) ,

Fl
N
Il

(3.61)
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whereb(x) is the half-width of the jet (cf. Fig. 3.7). The cross-sectional averages
a(x), andZ(x) are defined by the area averages

0o 0?b? = 2/ pU%r dr
0

Pl = 2 f 5ar dr (3.62)
0

0027 = 2[ pUZrdr.
0

If the profiles are known(, Z andb can be calculated from (3.62). Introducing
(3.51) and (3.54) into (3.62) leads for the non-buoyant jet flame to the solution

N 12
S _ 5_599 @ <@>

Uo X+ Xo \ Pst (3.63)
e\ V2

b(x) = 0.23x (—St> .
Poo

In order to derive an equation for the cross-sectional momentum we combine (3.38)
and (3.39) and add for the case of a vertical jet flame the buoyancy term

o 3 . 3 (_. o0 _
oy (PUT) + o (pUvr) = — (pvtr 5) + 1 (o — P)9 - (3.64)

When this is integrated overfromr = 0 tor = oo the two terms containing
radial derivatives disappear due to the boundary conditioas) atr = 0,0 =0
atr = oo andat/or = 0 atr = 0 andr = co. We then obtain an integrated form
of the momentum equation

d r o
d—x[azbz] = 29/0 (1— p—) rdr. (3.65)

Similarly, the integrated mixture fraction equation may be written as

di [OZbZ] —0. (3.66)

X

Applying the initial conditionZ = 1 at the nozzle, wherg& = 1, o = po and
0 = ug for r smaller thand/2 the right-hand side of (3.62)s pouod?/4, the
integrated form of (3.66) is

~ d2
020 = —204,. (3.67)



This allows to define an effective exit diameter as

0 1/2
deﬁ:d<—0> . (3.68)

oo

For a non-buoyant jet flame (3.65) can be integrated analytically
d2
(12b? = Zﬂug. (3.69)

In the following we relate all velocities to the jet exit velocity and all lengths to
the effective diameter. Then, withi* = (/uq, b* = b/des, the solution for the
velocity u* from (3.69) may be written in terms of as

. 1
U= (3.70)
The next step is to evaluate the half-widitx). We note that the spreading of
turbulent jets is due to the entrainment of fluid from outside by large vortices
generating an entrainment velocity. Following a particle within the jet that
moves with velocityd downstream one may, by dimensional analysis, relate the
growth of the half-width to the entrainment velocityas

Oj—: ~ Vg. (3.71)

The entrainment velocity is proportional to the velocity difference between the jet
and its surrounding. Setting ~ U — u.,,whereu,, = 0 for the jet into still air,
we obtain the relation db

055 = B(0—us) , (3.72)
whereg is a proportionality constant. For a non-buoyant flame it follows from
(3.63) that8 = 0.23(pst/ pso) />

The flame length is defined by the location whren the centerline is equal to

Zs. The area-averaged valdeis smaller than the centerline value (gis smaller
than the centerline velocity. Therefore, rather than ugggve useZ = Zg/a1,
wherex, is a correction factor for the mixing over the jetarea. In order to determine
the value olx; we consider again a jet into still air. From (3.63) we obtain

L + Xo 1 <po>1/2

— 219q,—
d 7.

Pst

(3.73)

which is identical to (3.55), i, is set equal tgl 4+ 2 So = 2.42. We adopt this
value in the following.

Buoyancy becomes important in flames due to the density differences that
combustion generates. The density decreases froat the nozzle tpg at the
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flame length. The integral on the r.h.s. of (3.65) may therefore be approximated

by .
2/ (1 - i) rdr = b%a, (1 — &) , (3.74)

wherea, is an empirical coefficient that takes the variable density into account.
Introducing a modified Froude number

2
O0st o2 (P00 — Pst) V 0o @2 (Poo — Psp)

where Fr= u3/gd, we may replace (3.65) witk* = X/des by

d 2021 b*2
o U] = = (3.76)

With b* = gx* from (3.72) foru,, = O this leads to

dur?>  2u*? 1
— 3.77
do- o - BFr 3.77)

which is a linear first-order differential equation fot? and may therefore be
solved analytically. One obtains the solution
.2 Co b* 1 1

] . wh - _-
o2 " 3gFr 0 0= 2T agEr

u (3.78)

with the initial conditionu* = 1 for b* = 1/2. The first term describes the
momentum-dominated part of the vertical flame and reduces te 1/(2b*),
identical to (3.70), for large Froude numbers. The second term, which increases
with b*, describes the influence of buoyancy. Using only this term the flame length
L is obtained with 4*Zb*? = 1 from (3.67) andZ = Zg/a; as

L 1 /3Ba? )1/5
== Fre) . 3.79

This shows the 1/5-exponential dependence of the flame length on the Froude
number. A comparison with experimental data reported in Sgnju and Hustad
[3.14] allows to determine the yet unknown empirical constgrsa, = 1. A

general equation for the flame length is obtained by combining (3.78) and (3.79)

as
3 1\ (BL\?  (BL\° 3pa?
(Zﬁ o é) (d_ﬁ) * (d_ﬁ> G2 (3.80)

which reduces for sufficiently large values bfto (3.79) and for large Froude
numbers to the momentum-dominated flame described by (3.73). Equation (3.80)
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Figure 3.8: Dimensionless flame length/d, versus Froude number, Fr, for
propane and comparison with experimental data of Sgnju and Hustad [3.14].

has been evaluated for propane withy po, ~ T/ Tst and compared with exper-
imental data from [3.14] shown in Fig. 3.8. The buoyancy-dominated regime is
valid for Froude numbers F& 10° showing a slope of 1/5 in this range, whereas
the Froude number independent solution is approached fer E&f. For lower
Froude numbers there is an excellent agreement between the predictions of (3.80)
and the experimental data.

3.6 Experimental Data Showing Non-Equilibrium
Effects in Jet Diffusion Flames

While the flame length may be calculated on the basis of the mixture fraction field
only, more details on scalars are needed if one wants to determine chemical effects
and pollutant formation in jet flames. Flamelet extinction leading to lift-off will

be considered in lecture 4. Here we want to discuss as an example data taken
locally in a jet flame. They were obtained by Raman-scattering and laser-induced
fluorescence in diluted hydrogen-air diffusion flames by Barlow et al. [3.15]. The
fuel stream consisted of a mixture of 78 mole % B2 mole % argon, the nozzle
inner diameted was 5.2 mm and the co-flow air velocity was 9.2 m/s. The resulting
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flame length was approximately = 60d. Two cases of nozzle exit velocities
were analyzed but only the case B with= 150m/s will be considered here.

The stable species;HO,, N,, and HO were measured using Raman-scattering
at a single point with light from a flash-lamp pumped dye laser. In addition,
guantitative OH radical concentrations from LIF measurements were obtained by
using the instantaneous one-point Raman data to calculate quenching corrections
for each laser shot. The correction factor was close to unity for stoichiometric and
moderately lean conditions but increased rapidly for very lean and moderately rich
mixtures. The temperature was calculated for each laser shot by adding number
densities of the major species and using the perfect gas law for this atmospheric
pressure flame. The mixture fraction was calculated similarly from the stable
species concentrations. An ensemble of one-point, one-time Raman-scattering
measurements of major species and temperature are plotted over mixture fraction
in Fig. 3.9. They were taken at/d = 30,r/d = 2 in the case B flame. Also
shown are calculations based on the assumption of chemical equilibrium.

The overall agreement between the experimental data and the equilibrium solu-
tion is quite good. This is often observed for hydrogen flames where the chemistry
is very fast. On the contrary, hydrocarbon flames at high strain rates are likely to
exhibit local quenching effects and non-equilibrium effects due to slow conversion
of CO to CQ.

Fig. 3.10 shows temperature profiles versus mixture fraction calculated for
counter-flow diffusion flames at different strain rates. These flamelet profiles
display a characteristic decrease of the maximum temperature with increasing
strain rates as shown schematically by the upper branch of the S-shaped curve in
Fig. 3.5. The strain rates vary here betwaea 100/s which is close to chemical
equilibrium anda = 10000/s. For comparison, the mean strain rate in the jet flame,
defined here aa = u(x)/b(x) may be estimated a& = 12.15/s atx/d = 30
based on (3.63).

Data of OH-concentrations are shown in Fig. 3.11. They are to be compared
to flamelet calculations in Fig. 3.12 for the different strain rates mentioned before.
It is evident from Fig. 3.11 that the local OH-concentrations exceed those of the
equilibrium profile by a factor 2 to 3. The flamelet calculations show an increase of
the maximum values by a factor of 3 already at the low strain &tesl00/s and
a = 1000/s, while the OH-profile over mixture fraction decreases and broadens for
the maximum valu@ = 10000/s. This value is close to extinction for the diluted
flamelet considered here.

It should be mentioned that also Monte-Carlo simulations to solve a pdf-
transport equation were performed for this experimental configuration. Since the
prediction of chemically reacting flows by pdf-transport equations suffers from
limitations of the turbulent mixing model, we will not discuss these results here.

In summary, it may be concluded that one-point, one-time experimental data for
hydrogen flames when plotted as a function of mixture fraction, show qualitatively
similar tendencies as flamelet profiles. Non-equilibrium effects are evident in
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Figure 3.10: Temperature profiles from flamelet calculations at different strain
rates.
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both cases and lead to an increase of radical concentrations and a decrease of
temperatures. This has an important influence on, Kgdmation in turbulent
diffusion flames.
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Lecture 4

Partially Premixed Turbulent
Combustion

In this lecture we present a unified approach for partially premixed combustion
that combines the formulations for premixed combustion in lecture 2 and for non-
premixed combustion in lecture 3. The approach will be based on the two scalar
fieldsG(x, t) andZ(x, t) and the modeling assumptions that were introduced for
each of these fields. While the mixture fractidmetermines the local equivalence
ratio and thereby the value of the laminar burning velocity, the distance function
G determines the location of the premixed flame front. When the laminar burning
velocity is plotted as a function of mixture fraction the maximum lies close to
stoichiometric mixture. Therefore, flames will propagate the fastest along surfaces
Z(x,t) = Zginamixture field. If such a surface existsin a partially premixed field,
flame propagation generates a flame structure that is called triple flame. Such a
structure is shown schematically in Fig. 4.1 in a layered mixture. The leading edge
of the flame, called the triple point, propagates along the surface of stoichiometric
mixture. On the lean side of that surface there is a lean premixed flame branch
and on the rich side there is a rich premixed flame branch, both propagating with
a lower burning velocity. Behind the triple point, on the surface of stoichiometric
mixture, a diffusion flame develops where the unburnt intermediates likeand

CO from the rich premixed flame branch burn with the remaining oxygen from the
lean premixed flame branch.

Triple flames are the key element for flame propagation in partially premixed
systems. An early paper demonstrating the structure of a triple flame is due to
Phillips [4.1]. More recently, anumber of theoretical and experimental papers have
been devoted to this subject [4.2]-[4.8]. In this lecture we will first analyze the
structure of triple flames and discuss numerical simulations. Then we will derive
an expression for the turbulent burning velocity for partially premixed combustion
and finally we apply this combustion model to determine the lift-off heights of
turbulent jet diffusion flames.
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Figure 4.1: A schematic presentation of the triple flame structure showing the
triple point, the two premixed flame branches and the trailing diffusion flame.

4.1 The Structure of Triple Flames

Fig. 4.2 shows the photograph of a methane-air triple flame stabilized in a laminar
round jet 44 mm above the triple flame burner. This flame was analyzed in [4.9].
The burner generates a staged mixture by issuing a central flow of diluted fuel,
surrounded by a lean co-flow, which is again surrounded by an air co-flow. These
three mixtures have interdiffused at the stabilization height to form a partially
premixed mixture ranging betweeh = 0.15 on the centerline and = 0 in the
air co-flow. Due to dilution of the central flow the stoichiometric mixture fraction
is 0.0789. One can clearly distinguish in Fig. 4.2 (a) the bright rich premixed
flame in the center, the broad diffusion flame surrounding it and extending further
downstream and the thin lean premixed branches outside. The temperature field,
obtained from Rayleigh measurements is compared with numerical simulations in
Fig. 4.3. Here only the high temperature region generated by the diffusion flame
is identified as a flame. The numerically calculated heat release rate shown in
Fig. 4.4, however, indicates clearly the triple flame structure. The original data
on the I.h.s of Fig. 4.4 show that the heat release by the lean premixed flame is
the strongest, while the data multiplied by a factor 10 on the r.h.s show the heat
release in all three branches. Itis interesting to note that neither the rich premixed
flame branch (as the chemiluminescence in Fig. 4.2 would suggest), nor the high
temperature diffusion flame shown in Fig. 4.3 generates the strongest heat release.
Triple flames are always curved at the triple point. This is due to the fact that
the burning velocity decreases as one moves from the stoichiometric contour to the
lean and the rich. The triple point therefore propagates faster against the oncoming
flow and the rich and lean premixed flame branches stay behind.
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Figure 4.2: (a) Photograph of a laminar triple flame and (b) a schematic diagram
of the triple flame burner.
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Heat release in the premixed branches has a strong influence on the flow field
ahead of the flame structure. Expansion in the premixed flame front generates
a normal velocity away from the front into the unburnt mixture. Since the front
is curved, this leads to a diverging flow field and a lower oncoming velocity di-
rectly ahead of the flame. The latter is shown in Fig. 4.5 where the axial velocity
through the triple point is shown, both by PIV measurements and by numerical
simulations. The oncoming velocity decreases from an upstream value of 0.9 m/s
to 0.4 m/s, which roughly corresponds to the burning velocity of the mixture. The
radial profiles of the axial velocity and the mixture fraction are shown in Fig. 4.6.
The measured values of the mixture fraction were obtained from the Raman mea-
surements of Cidand Q. The triple point lies at stoichiometric mixture. The
strong velocity minimum at that point clearly shows the expansion effect.

Due to the decrease of the oncoming velocity ahead of the flame we have to
distinguish between the propagation velocity of the entire triple flame structure
and the burning velocity of the premixed flames relative to the flow, which has a
maximum close to the triple point. The ratio of the propagation velocity to the
burning velocity at the triple point depends on the density ratio between the unburnt
gas ahead of the triple point and the stoichiometric burnt gas behind. This velocity
ratio should scale with the square root of the density ratio [4.6].

The burning velocity at the two premixed branches should depend to first ap-
proximation on the local mixture fraction. Numerical calculations of the mass
burning rateo,s. were performed in [4.9]. They showed, however, that the max-
imum of the mass burning rate normal to the flame front evaluated from the two
dimensional simulations was significantly lower than the mass burning rate through
a one-dimensional flame in a homogeneous mixture. The lowering of the burning
velocity may in part be attributed to the local mixture fraction gradient. An ad-hoc
expression that models this effect by a fagtbr o x (Z2)/ xq) in terms of the scalar
dissipation rate was proposed in [4.10] and was justified using asymptotic analysis
in [4.11]. The mass flow rate is then given by the expression

X(Z)}

Xq

(pS)(Z, x) = pu(Z)s.(2) {1—a (4.1)
which is compared in Fig. 4.7 with the values obtained from the simulations.
Here, the scalar dissipation rate at quenchingpf= 30s* calculated for
this diluted methane diffusion flame is used [4.12]. The paranaetess fixed to
a = 0.96. The scalar dissipation rate on the premixed flame contour rises from
low values to about 67 for stoichiometric mixtures, and increases then up to 9.5
s~ for rich mixtures. For very rich conditions the actual flow rate is higher than
predicted by (4.1). Thisis due to the preheating from the diffusion flame. For close
to stoichiometric mixtures, the flow rate is considerably lower which probably is
due to increased heat loss resulting from flame front curvature in this region. It
can be concluded that for a precise prediction of the local burning velocity in a
triple flame, effects of preheating and heat loss need to be considered and a simple
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Figure 4.3: Calculated and measured temperature distribution.
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axial velocity,u, and mixture fractionZ, at the stabilization height of the triple
flame.
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Figure 4.7: Mass flow rate through the triple flame contour compared to the flow
rate of the burning law (4.1) together with local scalar dissipation rate along the
flame contour.

expression like (4.1) may not be sufficient. However, in the following we will only
use the qualitative behaviour of the burning velocity of a triple flame as a function
of the mixture fraction, in order to derive an expression for the turbulent burning
velocity in partially premixed systems.

4.2 Numerical Simulations of Auto-Ignition and
Triple Flame Propagation

Numerical simulations of auto-ignition in non-uniform mixtures illustrate the role

of triple flame structures in partially premixed turbulent combustion very convinc-
ingly. In [4.6] and [4.7] two dimensional simulations on a 2%@id have been
performed using a sixth-order finite difference scheme and a one-step reaction with
a Zeldovich number Ze- 8 and a heat release parametet (T, —T,)/ T, = 0.8.

The reaction rate was first order with respect to fuel and oxygen. In order to simu-
late the effect of compression, source terms were added to the temperature and the
species equations. Thereby the temperature was increased up to conditions close
to auto-ignition. The different stages of ignition and flame propagation may be
described as follows
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Figure 4.8: Triple flame propagation through a non-homogeneous mixture field

1. Ignition occured in the vicinity of the stoichiometric line in regions where

the scalar dissipation rate was low.

. Two premixed flame fronts containing lean and rich branches propagate in
opposite directions along the stoichiometric lines. They have the shapes of
arrow-heads as shown in Fig. 4.8.

. Adiffusion flame develops on the stoichiometric line between the premixed
flames. The tails of the premixed flames are lying nearly parallel to the
diffusion flame and are propagating into the lean and rich mixture. As they
depart from the diffusion flame they become weaker and finally disappear.

. When premixed flame fronts try to propagate into regions of very high scalar
dissipation rates, local extinction is likely to occur.

. The dissipation rate and the heat release rate are inversely correlated. Max-
imum values of the dissipation rate correspond to minimum levels of heat
release and vice versa.

It is concluded that the conditional mean value of the scalar dissipation rate at
stoichiometric mixtureyg; rather than its unconditioned megncontrols ignition
and subsequent flame propagation in partially premixed systems.
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4.3 Turbulent Flame Propagation in Partially
Premixed Systems

We want to derive an expression for the mean turbulent burning velocity in a
partially premixed system. We expect turbulent flame propagation to be the fastest
in regions when the probability of finding stoichiometric mixture is the highest.
This correspond to regions where the mean mixture fraction is in the vicinity of
stoichiometric mixture. For a partially premixed system we also may formulate
a kinematic or a diffusivé&-equation that describes this propagation process, but
now the laminar burning velocity will be a function of the mixture fraction

G

E—FV-VG:SL(Z,X)O—DLka-i-LrLV-na. (4.2)
The turbulence modeling will be essentially the same as in lecture 2. Therefore
the turbulent counterpart of (4.2) corresponding to (2.57) will then be

G  _ _ o

o +V-VG =s7,|VG| — (D. + DHK(G)|VG] . 4.3)
Here we have also combined the means of the first and the last term in 4.2 to define
the turbulent burning velocitgr , for partially premixed systems by

S L'
St.p =SL(ZsY +SL(Z, x)o <1 - bam) . (4.4)

Here, following (2.103) we have added the first term to cover the laminar limit.
The turbulent burning velocity for partially premixed systesis, depends in a
non-trivial manner on the laminar burning veloc#y(Z, x), on the statistics of
and on the mixture fraction field.

In [4.10] a model for the turbulent burning velocity has been derived by con-
sidering the mean value sf (Z, x)o as a statistical mean dependingdny and

s.(Z, x)o = /00/00/‘00&(2’ x)oP(Z, x,o)dZdydo . (4.5)
o Jo Jo

HereP(Z, x, o) is a joint probability density function of, x ando. In general,
one may not assume these quantities to be statistically independent. In fact, since
G = Gq represents the premixed flame fronts, iso-lineolvill tend to align
with iso-lines ofZ in very lean and rich parts of the mixture, whiis nearly
normal toZ aroundZ = Zg.

We will for simplicity, however, assume statistical independence and further-
more neglect fluctuations ¢gf such that the pdf of is given by a delta function.
The joint pdf is then written

P(Z, x,0)=P(Z)P(@)8(x =% - (4.6)
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Then, using (4.1) the integral in (4.5) takes the form

ss(Z,x)o =0 (1 — oeX—St)
Xq

1
/ s(Z)P(2)dZ. 4.7)
0

Here we have introduced the conditioned mean scalar dissipation rate at stoi-
chiometric mixture since this value determines the flame propagation process.
Furthermore, a convenient representation of the integral in (4.7) is

1
f S.(Z)P(Z)dZ = S (Z) P(Ze)(AZ)s, (4.8)
0

which defines the widthia Z), . This is essentially the range in mixture fraction
space where the burning velocity is a significant fraction of the maximum burning
velocity. It will depend on the shape sf(Z) and viaP(Z) on Z andZ"2. Numer-
ical calculations using (4.7) show that using a beta-function pdf and assuming the
mixture fraction variance to be proportional to the square of the mean mixture frac-
tion, one obtains for methane flames a nearly constant valuepdys, = 0.06,
which is in the vicinity of the stoichiometric mixture fractiafy; = 0.055.

Inserting (4.8) into (4.7) leads to

SL(Z. )0 = SL(Z)d x P(Z)(AZ) <1—o¢X—St) . (4.9)
premixed flame partial diffusion
propagation premixing flamelet
quenching

This formulation contains three contributions:

1. Aterm accounting for premixed turbulent flame propagation proportional to
the maximum laminar burning velocity (Zg) times the flame surface area
ratioo, which may be calculated from (2.95).

2. Aterm due to partial premixing which restricts flame propagation to regions
where the probability for stoichiometric conditions is high.

3. Aterm accounting for triple flame extinction at large scalar dissipation rates.
This term takes into account that triple flamelets are less able to propagate
as the dissipation rate increases and will extinguish whapproachesyy.

4.4 Stabilization Heights of Lifted Jet Diffusion
Flames

In order to protect the burner material from being affected by the high temperatures
of the flame, industrial burners in general operate with lifted flames. If the nozzle
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Figure 4.9: Schematic presentation of a lifted jet diffusion flame.

exit velocity of the fuel in a jet diffusion flame exceeds a characteristic value,
the flame abruptly detaches from the nozzle. It now acquires a new position and
stabilizes further downstream. The lift-off height is the centerline distance from
the nozzle to the plane of flame stabilization (cf. Fig. 4.9). A further increase in
the exit velocity increases the lift-off height without significantly modifying the
turbulent flame length. The flame length was already considered in lecture 3.

There has been a long-term controversy about the stabilization mechanism in
lifted turbulent diffusion flames. The mechanism proposed by Vanquickenborne
and van Tiggelen [4.13] suggests that flame stabilization occurs on the contour of
mean stoichiometric mixture at the position where the axial mean velocity equals
the turbulent burning velocity for entirely premixed conditions. This model has
been followed by Eickhoff et al. [4.14] and Kalghatgi [4.15]. On the contrary,
Peters and Williams [4.16] have argued that in a non-premixed flow field flame
propagation will proceed along instantaneous surfaces of stoichiometric mixtures
up to the position where too many flamelets are quenched, so that flame propagation
of the turbulent flame towards the nozzle cannot proceed further. Here the flame
was viewed as a diffusion flamelet and flamelet quenching was thought to be the
essential mechanism. A thorough review on the lift-off problem has been given by
Pitts [4.17].

In Fig. 4.10 non-dimensional lift-off heights of methane flames are plotted as a
function of the nozzle exit velocity, for different nozzle diameters. Similar data
were obtained for methane in diluted air. The scalar dissipation rate at quenching
Xq for diluted and undiluted methane-air flames taken from laminar flamelet calcu-
lations was multiplied witftl /uo to obtain the non-dimensional quantjty [4.18].
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Figure 4.10: Non-dimensional lift-off heights for methane-air flames.
These data are plotted as a functiontbfd in Fig. 4.11 for different dilutions

of the oxidizer stream, characterized by the mole fraction of the oxygen in that
stream. The straight line through these data has a slope of -1 and corresponds to

d H\ ™
%:O.O%(E) . (4.10)

This leads immediately to the scaling

H = 0.036U,/xq (4.11)

independent of the nozzle diameter. Different valuegpccount for different
fuels. Typical values to be used here gge= 15/s for methane ang, = 30/s for
propane in air at atmospheric pressure.

4.5 Numerical Simulation of Downward Flame
Propagation and Lift-Off Heights

The turbulent burning velocity model described by (4.9) has been used to calculate
the unsteady flame propagation and the stabilization in turbulent jet flames. For
this purpose the KIVA Il code was modified to include an equatiorifermilar to
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Figure 4.11: Lifted flames: Non-dimensional scalar dissipation as a function of the
non dimensional lift-off height. Experimental data for different dilutions, where
Xo,.2 is the mole fraction of @in the oxidizer stream.

(4.3). TheG field was initialized withG = 0 for unburnt conditions. Combustion
was initiated by settings = 0.1 in one cell. The evolution of th& field then
led to valuesG > G, whereG, was chosen t&, = 1.0. If G increases beyond
G = 2.0t is set equal to that value.

The combustion model of KIVA Il was removed, but equations for the mean
mixture fractionZ and its variance 2 were included. In addition, an equation
for the mean total enthaldywas solved,

aph o p _ PV~
o1 +V-(pvh)_at+v--Vp—|—V-<Pr Vh). (4.12)

This was necessary, because KIVA Il is a compressible code which uses an Arbi-
trary Lagrangian Eulerian (ALE) algorithm, where in a first Lagrangian step the
diffusion and acoustic terms are solved implicitly. In the second Eulerian step the
convection terms are treated explicitly by subcycling the implicit time step. There-
fore, the enthalpy equation cannot be coupled to the mixture fraction equation but
must contain the first two acoustic terms on the r.h.s. of (4.12).

The mass fractions of the chemical species were determined by using a flamelet
library for laminar counterflow diffusion flames for different values of the velocity
counterflow gradient. There are two possible states for a diffusion flamelet which
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are conditioned by the value @. If in a computational celG > G, it is
considered to be completely burnt and the mass fractions are determined by

A~ 1 ~
Vin(Z.27%,3) = / Yi(Z.2)P(2)dZ (4.13)
0

whereY;(Z, a) is taken from the library of burning flamelets setting the velocity
gradienta of the flamelet equal to the local strain rate

a= (4.14)

X M

of the turbulent flow. In (4.13) a beta function pdf was used. The integration was
performed in advance and values ¥y were tabulated as functions 8f 2”2 and
a.

If G <« Ggin acomputational cell, the mass fractions are those of fuel and air
in an unburnt mixture at the local value @f

Yiu=Yiu(2). (4.15)

If the computation cell is located within the flame brush thickness, the weighted
sum 3 . .
Y= Yo+ (1- )Y, (4.16)

is used. The fraction of burnt flamelets in each cell is calculated by assuming that
G fluctuations are Gaussian distributed. Then

o0 1 (G — G)?
G=Go v 21 G2 p{ 2G*? } ( )

where the varianc&2 is assumed to be proportional to the square of the integral
length scale. )
The temperatur@ in the cell was calculated from the mean enthalpy by

> Yihi(T) = hix, ) (4.18)
i=1

where the specific enthalpies are taken from NASA polynomials. The temperature
profile and the velocity change due to thermal expansions, at the flame3rent
Go are continuous over a few grid points due to the weighting used in (4.16).

To determine instationary propagation velocities in turbulent methane jets a
simple experimental set-up consisting of a burner, an ignition device, a high speed
camera and an Argon-lon laser was used. The nozzles had a length of 115 mm
and inner diameter® of 4, 6, and 8 mm. Methane was used as fuel, the fuel mass
flow was measured by flowmeters.
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Figure 4.12: Axial coordinate of the flame base over time during unsteady prop-
agation of a flame burning in an ignited turbulent cold jet of methane into still
air.

To visualize the flame front, the fuel flow was seeded with club moss spores
and illuminated with a laser light sheet. The club moss spores scatter the laser light
in the unburnt mixture and burn in the flame front, thus there is no light scatter in
the burned gas. Flame propagation is recorded with a high speed camera at 200
frames per second perpendicular to the laser light sheet. An electric spark is used
to ignite the flame at a downstream position, where a fuel lean mixture is expected.

In order to determine the burning velocities, the lowest visible flame front
position on each image of the film is marked visually and the positions are scanned.
From the images it can be seen, that local propagation velocities are influenced
by three-dimensional structures moving sometimes in spirals around the axis of
symmetry.

In order to simulate the downward propagating flame front one computational
cell of the steady cold flow field was initiated witA = G, on the centerline
downstream of the position of mean stoichiometric mixture. The flame ignition
and propagation is then driven by tfegradient towards the neighboring cells.

An example calculation is shown in Fig. 4.12 where the axial distance between the

flame base and the nozzle is plotted versus time. The solid line denotes the calcu-
lation and the symbols represent the measured values from different experimental
runs.

It is seen that the slope of the calculated curve and therefore the propagation
velocity agrees well with that of the experimental runs. A closer inspection of the
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Figure 4.13: Stabilization region of a lifted turbulent jet diffusion flame.

calculations shows that flame propagation follows the surface of mean stoichio-
metric mixture and depends on the velocity fluctuations there. The experiments,
on the one side, seem to show a transport of the flame by the large structures at the
edge of the jet. Therefore, there remains a substantial difference between the very
crude turbulence modeling based on Kie-model and the large scale dynamics

in ajet.

When the unsteady flame front propagation reaches a steady state, the lift-off
height can be determined. Fig. 4.13 shows a blow-up of the stabilization region in
a turbulent methane jet flame with a diamelee= 4 mm and a fuel exit velocity
of 20 m/s. The shadowed area indicates the burnt gas r&ierG, and the solid
lines are iso-contours of the mixture fraction. The expansion by the flame deflects
the stream lines and thereby the mixture fraction iso-contours at the flame base.
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Figure 4.14: A cut following the line of mean stoichiometric mixture at the stabi-
lization height.

In Fig. 4.14 a cut following the line of mean stoichiometric mixture at the
stabilization height is shown. The absolute values of the velddtpng this line
and theG-profile are plotted. The expansion effect by the rising temperature leads
first to a decrease of the velociywith a local minimum in front of the flame and
then to a velocity acceleration further downstream.

In Fig. 4.15 calculated non-dimensional lift-off heights H/D of turbulent me-
thane jet diffusion flames are plotted over the jet exit velocity. They are compared
with experiments of different authors. The calculations have been performed for
two nozzle diameterd) = 4 mm andD = 8 mm, and a wide range of jet exit
velocities. The computed lift-off heights depend on the value of the parameeters
andyq in (4.9). This also indicates that the last term in (4.9) becomes important at
the stabilization height. The calculations also show that this term is nearly unity
during most of the downward propagation process and becomes approximately 0.3
atthe lift-off height. Since the flow velocity and therefsfg are non-zeroy must
be smaller there thag, at the stabilization height. If the stabilization height was
determined byt = x4, as by the flamelet quenching criterion, the lift-off height is
underpredicted. This is evident from Fig. 4.13 where the position/of, = 5.0
lies upstream of the stabilization region. Therefore, both effects, premixed flame
propagation and flamelet quenching add to the stabilization mechanism.

It may be concluded that flame propagation and lift-off in jet diffusion flames
may be predicted using an expression for the turbulent burning velocity (4.9) that
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Figure 4.15: Measured and calculated lift-off heights of methane/air jet diffusion
flames.

includes the two different physical mechanisms proposed in [4.13]-[4.16] to ex-
plain the stabilization mechanisms, namely premixed flame propagation along the
surface of mean stoichiometric mixture and flamelet quenching. While unsteady
flame propagation is essentially dominated by the first mechanism, the flame is
stabilized close to, but downstream of the posifioa: x4, indicating that flamelet
guenching is important for flame stabilization of lifted flames.
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